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Abstract

Insurance, Social Security, and Economy

Unlike traditional economic models, this study incorporates insurance into the
OLG model and analyzes the impact of insurance on economic agents' life cycle
behavior and the economy. This study is based on Gertler's (1999) model and
focuses primarily on three issues: rederivation, modification, and insurance
model development. The contributions and results of this study are as follows.

First, this study provides a clear and detailed derivation of decision problems
for economic agents, including variable labor supply, in Gertler's OLG model.
Then, based on the Korean economic data, the model is applied to the Korean
economy by calibration.

Second, this study modifies Gertler's model with refinement for two factors
in worker—decision problems: the risk adjustment factor and valuation factors.
In Gertler's model, valuations in non—financial assets are inconsistent, and the
steady —state value of social security wealth tends to be overestimated due to
the ambiguous transition factors in valuation. Therefore, this study ensures
consistency in the valuation by modifying these factors and then compares the

two models.



Third, this study presents an insurance model incorporating insurance
sections into the modified Gertler's OLG model. Insurance demand is determined
by the agents' decision problems, and individuals' insurance purchases directly
increase their utility. However, there is a limitation that losses that are not fully
compensated by partial private insurance are not reflected in utility. Thus, social
insurance is introduced to compensate for losses that are not fully compensated
by private insurance, assuming that the proportion of total losses to GDP is
constant. That is, it establishes a system in which the private and public sectors
share the role of providing compensation for losses. The insurance model has
the advantage of being able to recognize losses from particular financial events
that existing economic models do not recognize. It is also possible to analyze
the microeconomic and macroeconomic effects of insurance.

Finally, this study proposes a life insurance model, an extension of the
insurance model. The life insurance model is theoretically more sophisticated
than the insurance model in that it reflects a more realistic population structure,
asset allocation, and diversification of insurance types. By modifying the basic
assumptions about population composition and transition probability, workers'
conditions are diversified, and dependents are allowed to receive inheritance

and death benefits when workers die.

Keywords : overlapping generation model, insurance, social security, valuation,

steady state

Xi



Chapter 1. Introduction

As an alternative to the well=known Blanchard's (1985) paper, Gertler
develops a highly tractable Overlapping Generation (OLG) model that captures
life cycle behavior. Gertler's model is useful for quantitative policy analysis by
allowing realistic working or retirement periods, and life cycle setup can be
easily used to integrate into other existing growth models.

Despite the advantages of this model, there is little relevant theoretical study
of Gertler's model, and it is not widely used as a tool for economic analysis.
Thus, this work carries out in—depth theoretical studies of Gertler's model,
corrects errors in the model, and presents a new type of OLG model that
incorporates the insurance sector for more realistic economic analysis. In other
words, to better apply Gertler's model, this paper mainly focuses on three
problems: rederivation, modification, and development of insurance models
within Gertler's OLG framework.

The baseline formulation of Gertler's (1999) paper mainly assumes an
inelastic labor supply, and the theoretical development of economic agents'
decision problems, including elastic labor supply, is relatively ambiguous.
Therefore, this study provides a clear and detailed derivation of economic
agents' decision problems under an elastic labor supply. Then, it is applied to

the Korean economy by calibration based on Korean economic data. It also



analyzes the impact of social security policy and current social issues such as
aging and retirement age extension on the Korean economy in steady —state and
discusses the implications of the analysis.

Gertler's model also needs to be modified the two factors for valuation in
worker's decision problems. First, the risk adjustment factor should be
rederived by applying the Envelope Theorem. Second, the inconsistency in
valuation factors in non—financial assets should be improved in the transition
from employment to retirement. Therefore, this study modifies Gertler's model
by rigorously deriving the above two factors in valuations and compares the two
models. The key differences between Gertler's model and the modified model
are as follows: first, the definition and role of the risk adjustment factor in the
two models are different. Second, the worker's non—financial assets' valuations
are consistent in our proposed model but not in Gertler's model. In particular,
the valuation of social security wealth in Gertler's model contains an ambiguous
transition factor, and it overestimates the steady —state value of social security
wealth, compared with the result of our proposed model.

Finally, an insurance model is developed by incorporating the insurance sector
into the modified Gertler's OLG model. Despite the growth of the insurance
industry, most economic models do not include the insurance sector in the model
and overlook the impact of insurance on the economy, such as risk allocation,
financial loss compensation, asset transfers, and capital accumulation. For the

most part, previous studies on the relationship between insurance and the



economy tended to focus on empirical research rather than theoretical research.
Thus, the purpose of this study is to provide a novel theoretical framework for
considering insurance to analyze the microeconomic and macroeconomic effects
of insurance.

The two types of insurance models sequentially are presented. The first is an
insurance model that does not include life insurance. Insurance demand is
determined by the agents' decision problems, and individuals' insurance
purchases directly increase their utility. However, there is a limitation that
losses that are not fully covered by partial private insurance are not reflected
in utility. Thus, social insurance is introduced to compensate for losses that are
not fully covered by private insurance, assuming that the proportion of total
losses to GDP is constant. It establishes a system in which the private and public
sectors share the role of providing compensation for losses. The insurance
model has the advantage of being able to recognize losses from particular
financial events that existing economic models do not recognize. It is also
possible to analyze the economic effects of changes in the relative proportion
of indemnification to total loss by private insurance or by social insurance.

The second is a life insurance model, an extension of the insurance model
previously introduced. The life insurance model is theoretically more
sophisticated than the insurance model in that it reflects a more realistic
population structure, asset allocation, and diversification of insurance types.

The life insurance model gives dependents besides workers and retirees the



role of economic agents. As the possibility of workers' death is imposed,
workers' conditions are diversified, and risk adjustment factors and valuation
factors used in decision making are changed. It allows a dependent on receiving
inheritance and death benefits from life insurance in the event of a worker's
death. Therefore, it is possible to analyze the impact of life insurance purchases
on the transfer of assets between workers and dependents. It is also possible
to analyze the impacts of increasing the workers' life—insurance purchases on
economic agents' life—cycle behavior and the economy.

The structure of this thesis is as follows: Chapter 2 considers the relevant
precedent literature of OLG models such as Diamond (1965), Yaari (1965),
Blanchard (1985), and describes the characteristics of Gertler's theory, and
then provides a rigorous derivation of economic agents' decision problems
including elastic labor supply in Gertler's OLG model. Chapter 3 applies the
model to the Korean economy by calibration based on Korean economic data.
Chapter 4 suggests a modified version of Gertler's OLG model with refinement
for two factors of worker's decision problems. Chapter 5 deals with a new type
of OLG model in which insurance is incorporated and studies the role of private
and social insurance. Chapter 6 provides a life insurance model by modifying
population structure and transition probability. Chapter 7 describes the
insurance model's applications and examines the effects of increasing the
proportion of life insurance on the economic agents and economy. Chapter 8

summarizes the implications and acknowledges the limitations of this study.



Chapter 2. Rederivation of Gertler's OLG model

1. Diamond, Yaari, and Blanchard

Diamond (1965) proposes a basic discrete—time overlapping generations
growth model based on Samuelson (1958). He assumes two periods of life, such
as work and retirement, and assumes that there are two generations of the
young and the old alive at any point in time. Individuals consume a fraction of
their income in the first period and save the rest to cover their consumption
when they are older. The young's assets at the end of the first period are the
source of capital used for aggregate production in the second period, and the
old in the first period own the entire capital stock and consume all of it, so there
are no savings by the old. Diamond assumes a perfectly competitive labor and
capital market and constant return to scale technology in the production function.
A simple population and age structure are used in this paper to avoid the need
for aggregation. Using this model, Diamond examines long—term competitive
equilibrium in a growth model and explores the effect on government debt
equilibrium.

Yaari (1965) establishes a situation where consumers can solve life's
uncertainty by purchasing or selling actuarial notes. He thinks buying an

actuarial note is the same concept as buying an annuity. Consumers who buy an



actuarial note receive higher returns than market rates from insurance
companies during their lifetime, but their assets are all attributed to insurance
companies when they die. Yaari assumes an individual's finite life, which enables
simple aggregation of consumption. He investigates the optimal consumption
plan and the optimal saving plan by dividing them into four cases, depending on
whether actuarial notes are available and utility function assumptions. The
utility function assumption is either a Fisher utility function with constraint or a
Marshall utility function with no constraint.

Blanchard (1985) develops a continuous—time OLG model. He derives a
manageable and straightforward form of aggregate functions, assuming that the
probability of death is constant and independent of the consumer's age. This
simple form of aggregate function makes it relatively easy to analyze the
steady—state of many macroeconomic issues, the dynamic effects of fiscal
policy and social insurance. Therefore, the aggregation method of this paper has
since been widely used in other studies. Blanchard explains the role of finite
horizons and declining labor income in determining interest rates, respectively.
In addition, he clarifies the role and the effects of fiscal policies such as
government debt, spending, and deficits in determining interest rates. He also
rigorously describes the effect of intertemporal tax reallocation, assuming a
finite life of the agent. Blanchard's OLG model is tractable but has the limitation

that life cycle behavior is not captured in the model.



2. The critical characteristics of Gertler's theory

Gertler (1999) develops an OLG model that is analytically tractable and can
capture life—cycle behavior. Gertler assumes an individual's life is finite, and
their lifetime is distinguished by the working period and the retirement period.
Therefore, there are two types of economic agents in this economy: workers
and retirees. Gertler makes three kinds of assumptions about population
dynamics, actuarial notes, and preferences to derive a tractable aggregate

consumption function.

1) Population dynamics

Constant transition probabilities are imposed per period for workers moving
into retirement and retirees moving into death, and the transition probabilities
are selectable to establish realistic average periods of life, work, and retirement.
Each individual is born a worker and is transferred to maintaining a worker's
status or to retirement in the next period by transition probabilities, @ or 1-—-w,
respectively. The probability of survival or death for a worker does not need to
be considered because it is assumed that an individual's death begins once he

retires. A retiree survives with a probability of y or is transferred to a state

of death with a probability of 1-y. The remaining expected working period of



a worker is 1/ (1-w), and the remaining life expectancy of a retiree is 1/(1—7y),
respectively, on the assumption that the transition probability is independent of

employment tenure or age.

Let N, denote the number of workers in period t and is assumed to grow at

the constant rate n. Workers in period t+1 consist of workers who have
maintained their status since time t and new workers born in t+1. Thus, the
number of new workers at t+1is l—-@+n)N,.

N.,=@+n)N, =oN, +(1-®+n)N,. (2.2.1)

A ratio of retirees to workers w can be derived by using the following

equations (2.2.2), and in the stationary equilibrium, the ratio is fixed. Then the

number of retirees at time t is wN,, and the number of retirees grows at rate

n, like workers' growth rate.

=1

»

DN, =2 )l = R Y (E) T S 222
s=1 s=1

Y =125 (2.2.3)

Table 2—1. Transition probabilities

Worker Retiree
Survival rate N/A Y
Probability of remaining in the labor force w y
Probability of transition from labor force 1-w 1-y

Notes: Each transition probability is greater than zero and less than one.




t t+1
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Figure 2—1. Population dynamics by transition probability

2) Actuarial note

The notion of an actuarial note was initially introduced by Yaari (1965) and
then applied by Blanchard (1985), Gertler (1999) to their model. An actuarial
note is intended to eliminate the impact of an uncertain life span. When the
person who purchases the actuarial note dies, the person's property is attributed
to the insurance company and distributed to the rest of alive. Therefore, alive
persons can get higher returns than the normal returns on the assets they
entrust. An actuarial note in this model is limited to retirees, and under the

arrangement, each retiree buys an actuarial note. For a retiree, fraction y of
those that survive to the next period receives all returns, while fraction 1—y

who die receive nothing. Each surviving retiree receives a return in proportion
to his initial wealth. Thus, for example, if R 1s the gross return on assets, a

surviving retiree's gross return on wealth is R/y.



3) Preferences

Individuals are assumed to be preferred to separate risk aversion from
intertemporal substitution to address an income risk. The assumption of risk
neutrality is reasonable in that it mitigates the impact of income variation that
occurs on the assumption of the constant probability of transition in the model.
Thus, we adopt a non—expected utility function proposed by Farmer (1990)
that limits individuals to have risk neutrality with income risk but to be arbitrary
for intertemporal elasticity of substitution. V,' is an individual's value function,
where the superscript i=w,r denotes a worker (w) or a retiree (r)
respectively. An individual derives utility from consumption C/, leisure 1-1,
where 1! is the fraction of working time at time t by an agent. g is a

subjective discount factor and p is a retiree's survival rate for each period.

Then, the value function of an individual is given by:
i i iN1 i VAR
v/ 2{[(c;)u(1_|;) P+ B E WD) } , (2.2.4)
with — g"=p8, B =pr,
where E,(V,,|i) is the expected value of next periods' value function,
conditional on the person being type i at t and being alive at t+1.
E V., W)=V} +[1-0)V,,, (2.2.5)
E V.5 =V.,.

The retiree's effective intertemporal subjective discount factor is By since

10



the survival rate until the next period is y . In other words, the expected value

function is considered in the next period on the assumption that the retiree is

alive in the next period. Meanwhile, the curvature parameter p introduces a

smooth trade—off for individuals between intertemporal consumption. The
intertemporal elasticity of substitution, o=1/(1- p), is finite and choice of &
is flexible under this preference structure.

Gertler's model is meaningful because it embeds life—cycle behavior within a
dynamic general equilibrium economy. It also makes many policy experiments
and extensions possible through its tractability. In Gertler's model, there are
two endogenous state variables: capital stock and the share of financial assets.
The change in the economic agents' financial assets share due to demographic
changes or policy changes can explain the transfer of wealth between workers

and retirees.

3. Rederivation of Gertler's OLG model including elastic labor

The baseline formulation of Gertler's paper assumes inelastic labor supply, so
the theoretical development of economic agents' decision problems, including
elastic labor supply, is relatively ambiguous. Therefore, we provide a clear and
detailed derivation of economic agents' decision problems, including labor

supply in Gertler's OLG model.

11



1) Individual decision

Each individual has a labor—leisure choice for one unit of time per period
under an elastic labor supply. Since wage levels depend on labor productivity,
it is assumed that a retiree receives relatively low wages than a worker. Let
£e(0,1) be the productivity of labor supplied by a retiree relative to a worker,
and then the wage per unit of time is as follows: WY =W ,W" =&W . Furthermore,
there is a government that implements fiscal and social security policies. Social
security benefits are paid only to retirees, and taxes are levied only on workers

to finance the government's policies.

(1) Retiree—decision problem

Retirees choose consumption C!, leisure 1-I' that maximize their value

function
A (R I S 2 AR G (2.3.1)
subject to budget constraint
AL =2 A WL +E -C/. (2.3.2)
Financial assets A’ at the beginning of the period from t and t+1 evolve
according to Eq. (2.3.2). R /y is the gross return applied to retirees buying an

actuarial note and surviving up to t+1, W/l is labor income, E, 1s social

t

security benefits from the government, C is consumption at the end of the

12



period t.

Retirees consume out of current assets, including financial and non—financial
assets. Non—financial assets include human wealth H; that is the present value
of the future labor income and social security wealth S that is the present
value of the future social security benefits, including time t—point. The retiree's

non—financial assets can be evaluated as

Htr :Wtrltr +ﬁHtr+1’ (2.3.3)
S, =E +ﬁ5tr+l. (2.3.4)

The first—order necessary condition for labor is given by (Appendix (A.1.7))
1-1 =L2Cl /W, (2.3.5)
and the consumption Euler equation for the retiree yields: (Appendix (A.1.17))
Cla=| G R.B] €l (2.3.6)
Let us guess a form of consumption function as follows:

Cl =gm (A +H +8)), (2.3.7)
where g, is the retiree's propensity to consume out of wealth. &7, is derived
by (Appendix (A.1.23))

e =1-[G) Rl BTy (2.3.8)

g, 1s the ratio of two propensity to consume, which can be interpreted as the

retiree's consumption elasticity.

13



(2) Worker—decision problems

Workers choose consumption C", leisure 1-1" that maximize their value

function
wo_ wyv wyl-v1p w rop VP
VY ={IC) A=) + ALV + L= oV LY | (2.3.9)
subject to budget constraint
AvilthAW +Wt ItW_CtW- (2.3.10)

Financial assets A" at the beginning of the period from t and t+1 evolve
according to Eq. (2.3.10). R, is the gross return, W, 1" is after—tax labor
income, C" is consumption at the end of the period. Workers do not receive
social security benefits during the working period, but they will receive them
from then on once they retire.

As with retirees, workers spend on current assets, including financial and
non—financial assets. On the other hand, the valuation of a worker's non—
financial assets should take into account future cash flows in accordance with
two possibilities of maintaining worker status and retiring by transition
probabilities. Therefore, the worker's non—financial assets, human wealth H"

and social security wealth S, are evaluated by

Htw :\/vtltw-i_ﬁa)Htvildl—ﬁ(l_w)Htil’ (2311)
Sthma)sxl +m(1—a))8t+lﬁ\‘lstr+l, (2.3.12)

using two discounting factors depending on the two cases of work and
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retirement. In Gertler (1999), V%N‘S[+1 is defined as the social security wealth

per beneficiary at t+1, and ¢, is interpreted as the value that workers able to
consume today from social security wealth to be received after retirement.

In the worker—decision problems, the leisure equations and consumption
Euler equation for the worker are derived as follows: (Appendix (A.2.7) and
(A.2.8))

1-1 =£2CM W, (2.3.13)

aClly + (1= @) 2(6.1) " Cly =[G 1 (R QB)CY (2.3.14)

In Eq. (2.3.12), an adjusting discounting factor ., 1is defined as
follows: (Appendix (A.2.17))

O, =o+1-0)6.)" 1, (2.3.15)

1-v r
where y=(2)"", &=g=.
y reflects the relative wages of workers and retirees. Assuming that every
worker consumes a fraction 7z, of his wealth, the form of consumption functions

similar to those of a retiree can be inferred as follows:

C' =z (RA"+H"+87), (2.3.16)
where &=g2
7 =1-[GE) " RaQul A7 2 (2.3.17)
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2) Aggregate decision

(1) Aggregate consumption and the transfer of wealth

Since individuals within a group have the same propensity to consume out of
wealth, one can sum (2.3.7) and (2.3.16) across individual retirees/workers to
derive the aggregate consumption function by groups as follows:

Cor=en,(RA +H +S")=ex,(RAA +H +S[), (2.3.18)
C"=n,(RA"+H" +S")=r[RA-A4)A +H" +S"]. (2.3.19)
In (2.3.18), (2.3.19), A'=A"/A and A"=@0-4)=A"/A denote the share of
assets held by retirees and workers, respectively. The gross return on retirees'
financial assets in (2.3.18) is R because the surviving retirees are the fraction
y of the total number of retirees.
Then, (2.3.18) and (2.3.19) are combined to obtain the following aggregate
consumption function:
C =rn[{l+(g -DAIRA +H" +S" +& (H~+5)]. (2.3.20)
The aggregate human wealth and social security wealth equations of retirees

are given by

Htr. :\NtrLll' +WH;’1’ (2321)
S =E"+ S~ (2.3.22)

t 1+n)Ry,, T+l

which are derived from summing (2.3.3) and (2.3.4) over individual retirees.

16



Since the workforce increases by (1+n) over the period, it is necessary to
adjust the value of future non—financial assets at t+1 to the t—point value using
the dividing factor (1+n).

For workers, the aggregate human wealth and social security wealth equations

are given by

. N re

HY =W L =T+ s, @Hes + @aras - @)HG (2.3.23)
We 1 We 1 iy re

S" = TR oS + o (1- ) o SN (2.3.24)

Equations (2.3.23) and (2.3.24) are respectively derived from summing

(2.3.11), (2.3.12) over individual workers. In (2.3.23), the total labor income

of all workers W, L is pre—tax income; thus, the total tax on labor income for

all workers T, should be deducted. As moving between groups by transition
probability, the distribution of financial wealth evolves and a change in the
distribution of financial wealth will influence each group's total consumption
demand.

Now I derive the equation of the share of financial assets by groups A', and
examine the evolution of the distribution of wealth. The total financial assets
held by workers at t+1, equal assets accumulated by workers at t for t+1 times
the probability of remaining in the workforce in the next period @, as follows:

A= A)A, = old-A)RA +WL T, -C], (2.3.25)

which can be rewritten as

RAMA +WLY ~T, -C" = &2 A (2.3.26)

[2]
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In (2.3.25), the square bracket means workers' assets before distribution by
movement from workers to retirees by transition probability and workers' total
savings at the end of time t.

Total financial assets owned by retirees at the beginning of period t+1 depend
on the savings of current retirees at t and the savings of workers retiring at
t+1. In other words, the total assets held by retirees at t+1, equal to the sum
of assets accumulated by existing retirees and assets carried by new retirees.
Thus, the equation for the total financial assets held by retirees at t+1 is derived
as follows:

AaAL=RAA+W'L +E -C+(l-o)x(RAA +W,L'-T,-C"). (2.3.27)

By using (2.3.26), (2.3.27) can be rewritten as

AN, =RAA +W'L +E -C +(1- o) (1_5,{“) A (2.3.28)

Summarize the equation for A, after putting (2.3.18) into (2.3.28), then the

share of wealth held by retirees evolves according to

Ao =ol-em)RA A’j‘%+a)[\/\/trL[ +E —gm (H + Str')]ﬁﬁL 1-w). (2.3.29)

t t+1

Financial assets at t Financial assets at t+1
A’ I
I I
w . y . - 1 P ><UJ uw L4
workers NA, RNAS+WL'—T—C' ' =F |—m o | N4
+ +
retirees NAS / RNA WL +E - +| -w)xF | = | N4

Figure 2—2. Change in the share of assets by economic agents from t to t+1
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(2) Production, social security and government

Under a closed and a competitive economy, the total production Y, 1is given
by a Cobb—Douglas production function that is a standard form for production
as follows:

Y, = (X, N, )K", (2.3.30)

There are two inputs to the production function: labor N and capital K . Capital

depreciates at the rate &, and the parameter « and 1-« are the output

elasticities of labor and capital, respectively. Technology X 1is labor—

augmenting and grows exogenously by X and X~ is the total factor
productivity.

Xin=1+X) X, (2.3.31)

On the assumption that both workers and retirees supply labor elastically, the
maximum workforce available and the workforce supplied do not always
coincide. Thus, total output is now given by

Y, =(X, L) K™, (2.3.32)
where L =L"+£&L. (2.3.33)
Aggregate labor supply equations of workers and retirees obtained by merely

summing individual labor supply equations (2.3.5), (2.3.13) are given by

¥ =N, &2, (2.3.34)

i =N,y -52=C/. (2.3.35)
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By the profit—maximizing, Equation (2.3.32) implies

W, =a¥, /L, (2.3.36)
Rt =(1—0()Yt / Kt +(1_5) . (2.3.37)

On the other hand, there is a government that implements fiscal and social

security policies. Each period, the government consumes G, and pays retirees
a total of social security benefits E, . To finance the expenditure, the
government issues one—period government bonds B,,, and levies a total of tax
T,. Thus, the stock of government debt at the beginning of time t+1 is given by

B.,=RB, +G,+E -T,. (2.3.38)
By iterating equation (2.3.38), the inter—temporal budget constraint is as

following by

2T, 2 G © E
RtBt:Z Vt+v _Z Vt+v _Z Vt+v X (2339)
v=0 Hz:l Rt+z v=0 Hz:l Rt+z v=0 Hz:l Rt+z

The present value of the outstanding debt is equal to the present value of the
total government expenditure not covered by taxes for each period. Assume

that the government adjusts taxes with other government policies fixed to
satisfy equation (2.3.39). The ratio of government consumption to output §t,
the ratio of social security payments to output ét, and the stock of government

bonds to output Bt are assumed to be fixed as follows:
G =9)Y,, E=eY, B =h,. (2.3.40)

Financial wealth equals the sum of capital and government debt,
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A =K1+Bt’ (2.3.41)
and which are the vehicle for saving, and the capital intensity evolves as

K., =Y,—C, =G, +(1-5)K,. (2.3.42)

(3) Steady—state equations

This section derives the steady—state equations from the previous sections'
aggregate functions. The method of deriving the steady-—state equations is
followed by Gertler (1999), and all steady —state variables are denoted by the
normalized certain variables relative to output. For example, the ratio of capital
to output is denoted by k=K/Y . In the steady—state, all quantity variables
grow exogenously at the effective labor force growth rate 1+ x)(1+n).

First, let initial values tobe R, Q, L,/N, L,/L and by using equation

R=(1-a)k*+(1-9). (2.3.43)
Then we have initial capital intensity from (2.3.43)
k=1-a)/(R-1+0), (2.3.44)
which is tentatively determined. Next, the ratio of total tax to output 7 can be
determined
r=[R-(1+x)A+n)]b+g+e. (2.3.45)
For each worker and retiree, the following steady—state values of the

propensity to consume out of wealth equations are as follows:

r=1-[GL)""RQI""B7, (2.3.46)
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er=1-[(L)""RI"'py. (2.3.47)
Hence, elasticity of retiree's consumption & is determined.

Workers' and retirees' human wealth can be evaluated as
h" =[aL — ¢ + &0 [ (1 20y (2.3.48)
h" =t/ (-5, (2.3.49)

by using recursive human wealth equation, respectively,
h" =at — 7+ &0 ph" + 82 (1-@p)h", (2.3.50)
I (2.3.51)

Workers' and retirees' social security wealth can be evaluated as

" =Edest [ (1-20), (2.3.52)
s =e/(@1-2&2), (2.3.53)

by using recursive social security wealth equation, respectively,

(1+><)

s ws" + &2 (1~ w)£s', (2.3.54)

s =g+ 280" (2.3.55)
Next, steady—state values of the share of assets for each agent can be
expressed and solved in

AY=1-2", (2.3.56)

A,r _ olalt=— Y e ez (h"+5")](k+b) " +(1-)(1+x)(1+n)

@)(rn) =R (L=e7) . (2.3.57)

The steady—state version of each aggregate consumption amounts can be
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c' =x[1-2A")R(k+b)+h" +s"], (2.3.58)
c' =ex[A'R(k+b)+h"+5s'], (2.3.59)
and the aggregation equation will be
c=x{[1+(e-DA" JR(k+b) +h" +5" +5(h +5")], (2.3.60)
which can be used in calculating capital intensity such that
[(1+ X)(l+n)—l+5]k=l—c—g. (2.3.61)
Placing (2.3.60) into (2.3.61), then Eq. (2.3.61) is obtained.
[+x)@+n)-1+5]k :1—7r{[1+ (e-DA'IR(k+b)+h" +s" +g(h" + Sr)} -g. (2.3.62)

Hence, new recursive values are

_ 1 {(@+x)(1+n)-1+51k—z[h" +s" +&(h"+s")]-g
R= 7[1+(e—-1) A" J(k+b) ’ (2.3.62)

and the worker's adjusting discount factor and steady—state value related to

labor supply are as follows:

Q=w+1-0)e,)" 1, (2.3.63)
L=N_Eobew (2.3.64)
L=+ ép)i+ E28 ], (2.3.65)

used in minimizing the distance measure of initial and new values of R and Q,

L,/N, L, /L.
This chapter was published in Communications for Statistical Applications and

Methods on November 30, 2020, and for more information, see Lee and Son

(2020).
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Chapter 3. Analysis of the Korean economy

1. Initial steady—state values

This chapter applies the model to the Korean economy by calibration based
on Korean economic data and analyzes the impact of social security policy and
current social issues such as aging and retirement age extension on the Korean
economy. Some of the values for the exogenous nonpolicy parameters such as
preference parameter for consumption, subjective discount, depreciation rate,
intertemporal preference, labor productivity of a retiree are the same as Gertler
(1999) choose. Other parameters are set using recent statistics obtainable from
official sources of Korea.

The workforce growth rate is set at 0.01 using a 3—year average of recent
data obtained from The Statistics Korea and National Accounts. The labor
income share ratio is set at 0.628, and the growth rate of technology is set at
0.014 using a 3—year average of recent data obtained from The Bank of Korea.
Policy parameter such as the ratio of government debt to output, the ratio of
government consumption to output and the ratio of social security payments to
output is set at 0.36, 0.15, 0.015, respectively using a 2—year average of data
obtained from the government institutions.

Table 3—2 displays the steady—state values of basic variables when applying
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the exogenous parameter values in Table. 3—1 to the model. In steady—state,
the capital—output ratio is 2.10, the capital stock per unit of effective labor is
3.25, and the total return on capital is 1.077. The propensity to consume of a
retiree is larger than that of a worker, and the ratio of two propensity to
consume out of wealth is more than one. Out of total financial assets, workers'
share is about 56.8%, and retirees' share is about 43.2%. The proportion of total
tax revenue to GDP is 18.6%, workers' tax burden to pre—tax labor income is
about 33% and the ratio of consumption to post—tax income is 0.973.

In this model, only a worker pays income tax, so the proportion of workers'
consumption to their post—tax income is considerably high, showing that they
have less room to save for capital accumulation. When labor supply represents
a fraction of total time endowment, workers supply labor about 50.6% of their
total labor force in steady state. Retirees supply labor about 16.6% of their total
labor force since they have lower productivity of a unit of labor and lower wages
than workers. Moreover, this reflects the fact that retirees have more
accumulated financial wealth on average.

The fourth and fifth columns of Table 3—2 shows the steady—state values per
capita for each group for easy comparison. The proportion of each group is
obtained by using the number of retirees to the number of workers w . Of the
total population, the proportion of workers is 62.7%, and that of retirees is
37.3%, respectively. For the ratio of human assets to output per capita, per

worker 1s 3.903 and per retiree 1s 1.290. Since a worker has a more extended
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working period and higher efficiency per unit of labor than a retiree, the value
of human wealth per worker is also higher than that of a retiree. Furthermore,
the share of assets per capita is 0.907 for a worker, 1.156 for a retiree.
Retirees' financial assets consist of existing assets and transferred assets from
retired workers, and the proportion of financial assets per retiree is higher than

that of workers.

Table 3—1. Definition and value of parameters

Parameter | Value Description Source
n 0.01 workforce growth rate : The economically
3—year (2016—2018) average of active population
the growth rate of working age survey, Statistics
population aged 20 to 64. Korea.
w 0.94 | Probability of remaining a worker

in the next period :
the remaining time in the labor
force for a representative worker
with an age of 42 is 18 years.
(1/1l-w) =18)

v 0.92 Probability of surviving of a
retiree to the next period : the
remaining life expectancy of a

representative retiree with an age

of 71 is 12 years. (1/(1-y)=12)

v 0.4 Preference parameter for Gertler (1999)
consumption
1-v 0.6 Preference parameter for leisure Gertler(1999)
p 1 Subjective discount rate Gertler (1999)
P -3 Curvature parameter Gertler(1999)
o 0.25 Intertemporal elasticity of Gertler(1999)
substitution
¢ 0.6 Productivity of a unit of labor Gertler(1999)
supplied by a retiree relative to a
worker
a 0.628 Labor income share: 3—year National accounts,
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(2016~2018) average of the the Bank of Korea
labor income share ratio.
) 0.1 Capital depreciation rate Gertler (1999)
X 0.014 Growth rate of technology :
derived from the 3—year
(2016~2018) average of the total
factor productivity growth rate by
using formula, TFP = x*.
b 0.36 Government debt to output : 2— Electronic national
year average of the government index, Ministry of
debt to output. Economy and
Finance
g 0.15 Government consumption to The FY2017
output : 2—year average of Accounting Analysis
government expenditure which is Series 1, National
the sum of mandatory (excluding Assembly Budget
social security payments and Office
interest) and discretionary
expenditure.
e 0.015 Social security payments to The
output : 2—year average of social | FY2017Accounting
security payments to output Analysis Series I,
composed of the old—age National Assembly
pension, disability pension and Budget Office
survivor pension in National
Pension Scheme and the basic
pension
Table 3—2. Initial steady—state values of basic exogenous variables
Variables Description Values Values
per capita
k Capital stock 2.10
K/ XL Capital stock per unit of 3.25
effective labor
R Total return on capital 1.077
T Propensity to consume for 0.091
a worker
e Propensity to consume for 0.128
a retiree
& Elasticity of consumption 1.403
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of retirees to workers

Q Adjusting discounting factor 1.063

hY 2.447 3.903

h' Human wealth 0.481 1.290

gW 0.140 0.120

N Social security wealth 0.231 0.284

AV =1-A" Share of assets 0.568 0.907

AT 0.432 1.156
T Total tax 0.186

c" 0.366 0.584

cr Consumption 0.221 0.591
c=cV+c" 0.587
tlat Workers' tax burden 0.330
/N Labor supply as a fraction 0.506
L' / Ny of total time endowment 0.166

Notes: 1) In the superscript or subscript of variables, W denotes workers, r denotes retirees.
2) Quantitative variables such as capital stock, non—financial assets, tax, consumption are
represented as the normalized variables relative to output.

2. Sensitivity analyses

This section carries out various quantitative analyses on the impact of
changes in social security changes, aging and the extension of retirement age
on the Korean economy.

1) Effects of increasing social security payments

Let us examine the steady—state impact of the ratio of social security

payments to GDP by increasing the percentage of expenditure on national
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pension benefits to GDP by a total of 9%p. The rest of the variables are assumed
to be constant, and all the increases in national pension payments come from an
increase in benefits per retiree, not an increase in the number of retirees.

The rise in the social security payments—to—GDP ratio causes an asset
transfer from workers to retirees because the source of funds to pay retirees
more benefits is taxes collected from workers. Figure 3—1 and Figure 3—2
illustrate the changes in the share of financial assets of workers and retirees.
Retirees' asset share increases from 43.2% to 49.1%, while workers' asset
share decreases from 56.8% to 50.9%, and the share of assets per retiree
increases from 1.28 to 1.62 times that of a worker.

As the tax burden on workers is higher than before, workers are required to
pay 14.2%p more tax on income, from 33.0% to 47.2%, which is larger than the
increments of the proportion of total tax to GDP shown in Figure 3—3 and Table
3—5. When other conditions are constant, raising taxes to cover an increase in
the ratio of expenditure on national pension benefits to GDP means increasing
the total contribution rate. Therefore, to increase the ratio of expenditure on
national pension benefits to GDP by 9%p and not cause a deficit in the balance
of payments, the contribution rate of workers should increase by 14.2%p from
the current level. (In reality, the total contribution rate is 9% of salaries per
annum, with both the employer and employee splitting the 9% contribution
equally. However, this model assumes that the total contribution rate is 9% for

employees.)
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Increasing the ratio of social security payments to GDP negatively affects the
retiree's labor supply. Retirees supply far less labor than workers since they
have more accumulated financial wealth, and wages are lower than workers. For
retirees, the more pension benefits, the fewer incentives to supply the labor
force, and thus the labor supply of retirees decreases sharply from 16.6% to
1.9%, as shown in Figure 3—4.

As the social security benefits per retiree received after retirement increase,
the social security wealth of both workers and retirees is higher than before, as
shown in Figure 3—5. On the other hand, the human wealth of both workers and
retirees are lower than before. For workers, an increased tax burden on labor
income by increasing the ratio of social security payments to GDP worsens
human wealth, although workers' labor supply slightly increases. As previously
mentioned, for retirees, the ratio of human wealth to GDP decreases due to the

sharp reduction of labor supply.
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Figure 3—1. Effects of social security payments on the share of assets
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Figure 3—2. Effects of social security payments on the share of assets per
capita
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Figure 3—3. Effects of social security payments on total tax, workers' tax
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Table 3—3. Effects of social security payments on steady—state of total
tax, workers' tax burden, and contribution rate

Social security Total tax Total tax Contribution
payments (% of GDP) (% of labor rate
(% of GDP) income) (% of labor
income)
1.45% 18.6% 33.0% 9.0%
2.45% 19.8% 34.8% 10.8%
3.45% 20.9% 36.5% 12.5%
4.45% 22.1% 38.1% 14.1%
5.45% 23.3% 39.7% 15.7%
6.45% 24.5% 41.3% 17.3%
7.45% 25.7% 42.9% 18.9%
8.45% 26.9% 44.4% 20.4%
9.45% 28.1% 45.8% 21.8%
10.45% 29.3% 47.2% 23.2%
N9.0%p AN10.7%p AN14.2%p N14.2%p

Notes: The increase in the proportion of social security payments to GDP from 1.45% to 10.45%
reflects the increase in the proportion of expenditure on national pension benefits to GDP
from 1.0% to 10.0%, given the proportion of basic pension to GDP is constant at 0.44%

In Figure 3—7 and Figure 3—8, the proportion of total consumption to GDP
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increases from 58.7% to 64.2% by about 9.5%. The increase in the
consumption—to—GDP ratio of retirees is much larger than that of workers due
to the increased share of financial assets and social security wealth. The
propensity to consume out of wealth of both groups increases, as shown in
Figure 3—9. The consumption rate of retirees is always larger than that of
workers, and the ratio of the two propensities to consume gradually decreases
but is always larger than one.

For the whole economy, the capital per efficiency unit of labor falls from 3.25
to 2.22 by nearly 21.3 %, as shown in Figure 3—10. If the rise in the number of
retirees because of longer retirees' life expectancy increases the national
pension payments, capital may rise by increasing the incentive to save.

Consequently, the effects of increasing the ratio of social security payments
to GDP on the economy are summed up as follows. The effects of an asset
transfer and an increase in social security wealth lead to an increase in retirees'
consumption, and this also increases the percentage of the total consumption to
GDP. Retirees' labor supply decreases sharply due to increased financial assets
and social security benefits, while that of workers slightly increases as
consumption demand expands. However, workers' increased tax burden on
labor income by increasing the social security payments—to—GDP ratio has a
negative effect on human wealth. An increase in pension benefits that do not
reflect retirees living longer does not result in an individual's saving incentive;

thus, capital stock falls, and the gross return on capital rises.
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Figure 3—7. Effects of social security payments on consumption
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2) Effects of aging

This section analyzes the impact of the continuing rise in retirees' life
expectancy on the economy as population aging intensifies. According to the
latest population projections for Korea published in 2019, life expectancy in
South Korea is projected to rise by 8.8 years to 88.5 for males and 6.0 years
to 91.7 for females by 2067. Furthermore, total life expectancy is projected to
rise by 7.4 years to 90.1. Table 3—4 shows changes in the survival rate of
retirees and changes in population composition, reflecting this trend of

increasing life expectancy.

Table 3—4. Effects of an aging on retiree's survival rate and population

structure

Life Life Retiree's Percentage of each group

expectancy | expectancy | probability of .
at birth of a retiree survival(y) Workers Retirees

(unit:years) | (unitiyears)

83 12 0.917 62.7% 37.3%

84 13 0.923 61.0% 39.0%

85 14 0.929 59.4% 40.6%

86 15 0.933 58.0% 42.0%

87 16 0.938 56.6% 43.4%

88 17 0.941 55.3% 44.7%

89 18 0.944 54.1% 45.9%

A6 A6 AN0.027 Vv 8.56%p A8.56%p

If retirees' life expectancy increases without an adjustment of the retirement
age, it relatively increases the proportion of the retirement population. With a

O6—year increase in retiree's life expectancy, the probability of survival of
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retirees increases from 0.917 to 0.944, and the percentage of each group
decreases by 8.56%p for workers and increases by 8.56%p for retirees. The
proportion of workers to total population decreases from 62.7% to 54.1%, and
that of retirees to total population increases from 37.3% to 45.9%.

The social security wealth of both workers and retirees increases, not
because of an increase in social security benefits per capita, but because of an
increased retirement period. The ratio of social security wealth to GDP of
workers increases from 0.075 to 0.085 and that of retirees increases from
0.106 to 0.153. (see Figure 3—11)

As an individual lives longer than before, the labor supply of both workers and
retirees increases more than before. In Figure 3—12, workers' labor supply
increases from 50.6% to 53.2% by 5.1% and retirees' labor supply increases
from 16.6% to 22.9% by 37.9% as the life expectancy of a retiree increases by
6 years. Thus, for both workers and retirees, the ratio of human wealth to GDP
also increases, as shown in Figure 3—13. Moreover, asset transfers from
workers to retirees increase as the proportion of retirees increases. The share
of assets for retirees increases more than before, from 43.2 % to 52.3 %, while
the share of assets for workers decreases from 56.8% to 47.7. However, the
share of assets per retiree is maintained at 1.28~1.29 without significant change
due to the increase in the number of retirees although there is an increase in

the total share of assets.
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As life expectancy increases, the period in retirement becomes longer,
reducing both a worker's and a retiree's consumption rate for their life after
retirement. It leads to a decrease in total consumption to GDP from 58.7% to
55.6% despite the increase in the ratio of social security wealth and human
wealth to GDP. In the same context, an individual's incentive to save for old age
leads to a rise in capital stock to GDP from 3.25 to 3.89 and a reduction in gross

return on capital from 1.077 to 1.058.
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Figure 3—18. Effects of life expectancy on capital stock and gross return

3) Effects of the retirement age extension

According to OECD statistics in 2019 regarding pension systems, Korea's
current retirement age is 3.2 years lower for men and 2.5 years lower for
women than the OECD average, and expected years in retirement are 4.9 years
lower for men and 6.2 years lower for women than the OECD average.

Although the concept of statutory retirement ages and retirement ages in a
pension system differs slightly worldwide, these statistics are used to conduct
analyses. Realistically, however, it is assumed that Korea's retirement age and
the life expectancy of retirees gradually reach half the OECD average since
extending the retirement age is a matter of policy decision making, making it

difficult to realize in a short period. Therefore, the scenario assumes that the
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retirement age is extended by 1.5 years, with 0.25 years per year, while life
expectancy increases by six years. The results show that the proportion of
retirees increases by 5.70%p, less than the 8.56%p increase given the aging
effect. In other words, extending the retirement age increases the proportion of
workers and reduces that of retirees.

Since there is still an aging effect even if the statutory retirement age of
workers is extended, the steady—state of the economy is similar to before the
retirement age extension. As the aging population progresses, the differences
between before and after the retirement age extension policy are as follows.

First of all, variation in the length of working time by the retirement age
extension has an alleviation effect on the variation in labor supply of both
workers and retirees. In Figure 3—20, compared to labor supply with only the
aging effect in Figure 3—12, the increment in the labor supply of both workers
and retirees is slightly smaller because it is possible to prepare for retirement
with less labor due to more extended working periods by the retirement
extensions.

Second, after adjusting the retirement age even with the same life expectancy,
the fluctuation in the share of assets for workers and retirees is smaller than
before. Considering only the aging effect, the retirees' share of assets reverses
that of workers when the life expectancy of retirees is 17 years or more, as
shown in Figure 3—14. However, after the retirement age is extended, the gap

in both share of assets between workers and retirees is smaller than before as
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shown in Figure 3—22.

Third, as an effect of extending the retirement age, the fluctuation in the ratio

of consumption to GDP is more significant than before. The ratio of total

consumption to GDP decreases even more after extending the retirement age

than when there is only an aging effect. Workers and retirees increase their

leisure time and further reduce consumption with a relatively less increased

labor supply than when there is only an aging effect as the retirement age is

extended. As a result of the working period extension due to retirement age

adjustment, capital stock throughout the economy increases from 3.25 to 4.07,

which is higher than the steady—state of capital stock when there is only an

aging effect.

Table 3—5. Simultaneous effects of an aging and a retirement age extension
on transition probability and population structure

(unit: years, %)

Life Retirees Workers Percentage of each

expec group

tancy Life Survival Retire Working probability Workers Retirees
at expecta rate ment period of

birth —ncy age expectancy remaining

in labor
force

83 12 91.67% | 60.00 18.00 94.44% 62.7% 37.3%
84 13 92.31% | 60.25 18.25 94.52% 61.3% 38.7%
85 14 92.86% | 60.50 18.50 94.59% 60.1% 39.9%
86 15 93.33% | 60.75 18.75 94.67% 59.0% 41.0%
87 16 93.75% | 61.00 19.00 94.74% 57.9% 42.1%
88 17 94.12% | 61.25 19.25 94.81% 57.0% 43.0%
89 18 94.44% | 61.50 19.50 94.87% 56.1% 43.9%
YaN§) A6 N2.78% A1l.5 A1.0 AN0.43% V5. 70%p| A5.70%
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3. Sub—conclusion

This chapter analyzes the impact of social policy, aging, and retirement age
extension on the Korean economy under reasonable parameters. The
conclusions that can be drawn from this study are as follows.

First, increasing the ratio of social security payments to GDP results in asset
transfers from workers to retirees because the source of funds to pay retirees
more benefits is taxes collected from workers. Retirees, who have become more
prosperous than before, reduce labor supply and increase the consumption—to—
GDP ratio. However, for workers, the increased tax burden has a negative effect
on their financial wealth and human wealth. There is an increase in pension
benefits that does not reflect retirees living longer and does not result in an
individual’s incentive to save; thus, the ratio of total consumption to GDP rises,
and the capital stock falls.

Second, as life expectancy increases, the period in retirement becomes longer,
which reduces both a worker’s and a retiree’s propensity to consume out of
wealth in preparation for their life after retirement, which leads to a decrease
in the proportion of total consumption to GDP despite the increase in social
security wealth and human wealth to GDP. In the same context, an individual’s
incentive to save for old age leads to a rise in capital stock to GDP and a
reduction in gross return on capital. After the retirement age extension policy

is implemented, the length of working time has an alleviation effect on the labor
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supply variation of both workers and retirees. That is because in the elastic
labor markets, as the working period is extended, it is possible to prepare for
retirement with less labor.

In addition, the gap in the share of assets per capita between groups has
narrowed compared to the previous one as the fluctuation in the share of
financial assets has become smaller than before.

On the contrary, the decrease in consumption ratio to GDP is greater than
before since workers and retirees increase leisure time and further reduce
consumption with a relatively less increased labor supply than when there is
only an aging effect. As a result of the working period's extension due to
retirement age adjustment, capital stock throughout the economy increases
higher than the steady—state of capital stock when there is only an aging effect.

In this chapter, Section 1 and Section 2—2 and 2—3 were published in
Communications for Statistical Applications and Methods on November 30, 2020.
See Lee and Son (2020). Section 2—1 was published in Korea Risk Management

Association on December 30, 2020. See Son (2020) for more information.
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Chapter 4. Modified Gertler's OLG Model

1. Introduction

Though Gertler's life cycle model has many advantages such as tractability,
parsimony, and flexibility useful for economic analysis, it should be improved
by modifying two factors in valuations of workers' decision problems. First, an
adjustment factor Q should be rederived by applying the Envelope Theorem.
Second, the inconsistency of valuations in non—financial assets to the transition
from employment to retirement should be improved.

Therefore, I rigorously derive these two factors, modify Gertler's model, and
compare it with Gertler's model in Chapter 2. The previous Chapter 2 provided
a clear and detailed derivation of agents' decisions, including elastic labor supply.

The critical differences between Gertler's model and the proposed model are
as follows: first, the definition and role of adjustment factor differ in the two
models. Second, the worker's non—financial assets valuations are consistent in
our proposed model but not in Gertler's model. In particular, in Gertler's model,
social security assets valuation contains an ambiguous transition factor &/y .
[t overestimates the steady —state value of social security wealth compared with
the result of the proposed model.

More details on the derivation of the modified model are described in Section
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2. Section 3 provides an interpretation of the results of Gertler's model and the
modified model and compares them. The key differences between the two
models are summed up in Table 4—1 and Table 4—2, and a comparison of the
steady —state values from the modified model with those from Gertler's model

i1s given in Table 4—3.

2. Modification of model

This section presents the modified model by rigorously deriving the two
factors in valuations in the worker's decision problems. The basic assumptions
such as population structure, production, and the solutions to the retiree's
decision problems are consistent with those described in Chapter 2.

This chapter focuses on the worker's decision problems. A worker maximizes

utility function (4.2.1) subject to the budget constraint (4.2.2) as follows:

Up

Max V" ={[(C")' A=) + ALV + L- o)V, ]} (4.2.1)
subject to A", =RA"+W, 1" -C". (4.2.2)

Unlike a retiree, a worker does not receive social security benefits and pays

taxes. The worker’s financial assets A" evolve according to (4.2.2), where R,
is the gross return on assets, W, |" is post—tax labor income, and C is

consumption.
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The optimization problem can be written as
LY =V, — (G + A R A" W, 1) (4.2.3)
Let us partially differentiate L" with respect to C", I, and A},. From the

four partial derivatives, the following equations yield:

1-1" =£2Cr W, (4.2.4)
(G LIS =[N + (L= VLY AloSe + (L-w) 52, (4.2.5)
H= U(th)up_l(l_ Itw)(l_U)p (Vtw)l_p . (426)

Applying the Envelope Theorem with parameters A" and A',

th 5|_W ,URt RtU(C )Up 1(1 )l v)p (Vt )1 p (4.2.7)
= A= =R o)) V) (4.2.8)

From the above two equations, the following equations are obtained.

- Rt+1U(Ct+1 Up_l(l_ |t+1 o (Vtivl)l_p ’ (429)

S = Bap(CL) A=) V) (4.2.10)

On the other hand, in Gertler (1999), 6\/‘,1 was derived by (Appendix (A.1.11))

- Rt+lU(Ct+1 vt (1 It+1)(l_U)p (Vtil)l_p . (4 2 1 1)

The difference between (4.2.10) and (4.2.11) results in different adjustment

factors for each model, such as equations (4.2.17) and (2.3.15).

Now, let us guess the form of V," and V," as follows:

V= () T (C) -1 (4.2.12)
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V) =(gx) " (CH A1), (4.2.13)
where 7, and g, denote the propensity to consume out of wealth for a
worker and a retiree, respectively, and ¢, means the retiree’s consumption

elasticity.
Equations (4.2.12) and (4.2.13) may be rewritten using equations (4.2.4) and
(2.3.5), which are the labor supply curve of a worker and a retiree in Gertler

(1999), as follows:

Vil = () 7 Ol (S (4.2.14)
Vs = (Eame) 7 CL (S (4.2.15)

If (4.2.9), (4.2.10), (4.2.14), and (4.2.15) are substituted into (4.2.5), following

equation is obtained as

(C)7 =) [l + U= )(6) " Cla(G) ™7 ARulw+ (L~ @) L) (20) " 1.
(4.2.16)

Let us define that &=W', /W,

t+1 t+17

y=01&)"", and o=1/(1-p). Then Q can be
defined as

O, =o+1-0)(.)" 1. (4.2.17)
On the other hand, in Gertler (1999), Q°' was given by

O, =+ (1-0)(e.)" 1 . (2.3.15)

U To distinguish the adjustment factor in the proposed model from that in Gertler’s model, we
mark G in the superscript of Q,, in Gertler’s model.
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The definitions of the risk adjustment factor in the two models are different,
and Q plays a role in adjusting transition probabilities in valuations, as shown
in (4.2.36) and (4.2.37), while Q° plays a role in adjusting the discounting
factor, as shown in (2.3.11) and (2.3.12).

By substituting (4.2.17) for (4.2.16), the following consumption Euler

equation is obtained.

@Clly + (L= @) (6.1 Cly =[O T (RQuB)Cl (4.2.18)
Now, let us guess the form of consumption functions as follows:

C'=m(RA"+H"+S5[), (4.2.19)
Cl =gm (A +H +8)). (4.2.20)
An individual's consumption depends upon the propensity to consume and the
wealth at the end of time t. Wealth includes financial wealth, and human wealth
H/, the present value of the future labor income, and social security wealth S/,

the present value of the future social security benefits.

From (4.2.19), (4.2.20), the following equations are obtained as
Ctvil = 7[1+1(Rt+1Av11 + Htvil + Stvr-l ) (4.2.21)
Ci,= gt+l”t+1(% A, +H+S0). (4.2.22)

Substituting (4.2.19), (4.2.21), and (4.2.22) into (4.2.18), then

Toalo(R AL +HE +85) +(A- a))(gprl)gl(&;1 A +H{+S80)]

(4.2.23)
=[(7) T (RuaB) m (RA +H" +5).

Next, by placing (4.2.12), (4.2.14), and (4.2.15) into the worker's value
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function (4.2.1), then

[(7) G ()Y =[CH )Y + flem,.) * Cla(E)™ + W= o)) ¥ Cla(E2) Y.

(4.2.24)
Equation (4.2.24) can be written as
(r)* =Lt Bl [0l + - )2 ) *CLIICY) T (r)?, (4225)
and following equation using (4.2.17) is obtained.
=1-[G) " RuQ B (m | 7). (4.2.26)
From (4.2.26),
oy =[G RaQ 7 B[ | =71, (4.2.27)

and multiply both sides by the same equations as R,,Q.,1-7)(RA"+H"+S"),
then

ZalRaQua Q=) (RAY +H + S =[G) T (R Q) 7 (RA" + H! +8!") .(4.2.28)
Here, note that the RHS of (4.2.28) is equal to the RHS of (4.2.23). Hence,

RQ(-7)(RA"+H" +5)

w w R, , (4.2.29)
= w(RHlAH + Ht+l + St+1) + (1 a))( +1)1 7 Z( - A+l + Ht+1 + St+l)
If both sides of the equation (4.2.29) are divided by R ;Q,,,, then
w w w ® w w 1-0)1(a 1) r
- ﬂ-t)(RtA + Ht + St ) = R (Rt+1A+1 + Ht+1 + St+l RiaQua £ [RI+1A+1 + y(HHl + St+1)]'
(4.2.30)

Using (4.2.17), (4.2.30) can be rewritten as

(1_7rt)(Rt AW + HtW + Stw) zﬁ&(RHlAﬂ + Htvil + Stvil +ﬁ(1 » )[Rt+1A+1 + 7/(Ht+l + Str+1)]

(4.2.31)
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It is also possible to express the LHS of (4.2.31) as
A-7)RA" +H! +87) = (RA +WJ ~C)+ (HY W) +(SY=0).  (4.2.32)
Then, equation (4.2.33) holds.

(RA"+W " —C")+(H" W)+ (5" -0)

1 @ w w w 1 ) r r r (4.2.33)
= Ria Qu (Rt+lp\+l + Ht+l + St+1) + E(l_m)[RHlAJrl + y(HtJrl + St+1)]

which implies that the worker’s wealth at the end of time t after cash flows have
occurred becomes either the worker's wealth or the retiree's wealth at the end

of time t +1.
It is evident from (4.2.2) that A%, =A,,
RA' +VVtItW_CtW=&AV11+(1_&)Ar+1' (4.2.34)

Thus, the equation for the worker’s non—financial assets valuations is derived

by
HY + 8" =W+ g-g-(H + S%) + 5= - g2)r(Hi + S, (4.2.35)
and the following equations for valuations by asset also hold.
HY =W +5-a=Hi + 7o @-g2)rH (4.2.36)

8! = R St 2 - )rSla. (4237

As shown in (4.2.36) and (4.2.37), valuations of human wealth and social
security wealth are consistent. When the worker remains in the labor force in
the next period, social security and human wealth are evaluated by a factor

&11 oo the production of discounting factor ﬁ and risk—adjusted probability

a

o When the worker goes from work to retirement in the next period, social
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security wealth, as well as human wealth, is evaluated by a factor z- —(1-5=

the production of discounting factor ﬁ and risk—adjusted probability (1—&).

In the transition from a worker to a retiree, a retiree's survival rate is needed
because a retiree can earn labor income and receive social security benefits
conditional on surviving.

On the other hand, Gertler's valuations of human wealth and social security

wealth at t are respectively given by:

Htw Z\A/tltw_i_metv:—l Rn ) (l a))HHl, (2311)
S = ke 8! + 5 (- @) 52 S, (2.3.12)

where y is the ratio of retirees to workers, and N, is the number of workers
at time t. In Gertler (1999), as shown in (2.3.11), (2.3.12), valuations of non—
financial assets are inconsistent because the valuation of social security wealth
contains an ambiguous transition factor &, /wN,.

Due to the changes in risk adjustment factor and worker's non—financial

assets valuations in the modified model, aggregation functions also change as

follows:
HE =W L' =T + @ v Hea +@ms G- a0)7Hd, (4.2.38)
S = (1+nl)R“1 &St‘,—\:’l + (1+n1)RM (1—&)}/5{;1. (4.2.39)

Note that the aggregation function of workers' non—financial assets in Gertler's

original model as follows:
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We w _ 1 We 1 . re

HE =W L =T+ T+ R O5 @Hp,; + (1+n)R ;0% A-@)H, (2.3.23)
We 1 We 1 &y re

S = Tmmans, @St t g w17 @08 (2.3.24)

Note that also even in the modified model, retirees' equations for non—financial
assets valuations are the same as those in Gertler’s (1999) model and are as

follows:

Htr. :Wtrl-: + J/Htr;p (4.2.40)

@+mRy

S =} + gt 7S\ (4.2.41)

3. Comparison of results

I have so far modified two factors of workers' decision problems by rigorous
derivation in Section 2. The main differences between Gertler (1999) and
proposed are sum up in Table 4—1 and Table 4—2. In this section, steady state
variables and equations are used. The method of deriving the steady state
equations is specifically described in Section 3 of Chapter 2, and all steady state
variables are denoted by the value of a variable relative to output. That is, h"
denotes the human wealth—to—output ratio for workers and s" denotes the
social security wealth—to—output ratio for workers in steady state.

As explained in the text and as shown in Table 4—1, in the proposed model,

the definition of risk adjustment factor is modified by containing the annuity
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factor 1/y . Besides, Q in the proposed model plays a role in adjusting

transition probabilities while Qf in Gertler's model plays a role in adjusting the
discounting factor.

As shown in Table 4—2, workers' valuations in non—financial assets are
consistent in the proposed model by rigorous derivation, while those are

inconsistent in Gertler’s model.

Table 4—1. Comparison of the adjustment factor and valuations between

Gertler (1999) and the proposed model

Gertler (1999) Proposed
Adjustment factor G _ _ s _ — )L oTs
Ju Q" =w+(1l-w)e—y Q=w+1-w) ey
Maintaining the | h*
Valuations status of a L e
. . RQ
n worker in the sV
non— next period
financial Transition from | h" Rés (1-w)
assets a worker to a z(1-9)
retiree in the w ¢
: > Rglf (1_(0)?
next period

Table 4—2. Comparison of the valuations of non—financial assets between

Gertler (1999) and the proposed model

h" =t =7+ Lo+ x)h" + L (L- o)L+ x)h"
Gertler (1999)

s' =+ X)s" + 2 (1-w) £ (1+X)s’

h" =gt -7+i2@1+x)h" +i@1-2)y(1+x)h"
Proposed

w_1
S - R

L+ x)s" +1(1-2)y@+x)s’

2
Q
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Table 4—3 shows the parameter values presented in Gertler (1999) and I

calculate the steady state values of the basic exogenous parameters in both

models.
Table 4—3. Description and value of parameters
Parameter Description Value
n Workforce growth rate 0.01
o Probability of remaining in the labor force 0.977
Y Probability of surviving of a retiree 0.9
13) Preference parameter for consumption 0.4
1-v Preference parameter for leisure 0.6
p Subjective discount rate 1.0
P Curvature parameter -3
lo2 Intertemporal elasticity of substitution 0.25
¢ Productivity of a unit of labor supplied by a 0.6
retiree relative to a worker
a Labor income share ratio 0.667
o Capital depreciation rate 0.1
X Growth rate of technology 0.01
b Government debt to output 0.25
g Government consumption to output expenditure 0.20
e Social security payments to output 0.02

As a result of simulation of the model with modification factors, the steady
state value of some variables changes, as shown in Table 4—4. First, the steady
state value of the risk adjustment factor increases from 1.052 to 1.057 as the
annuity factor y is included. Thus, the adjustment factor value of Gertler
(1999) is slightly underestimated than that obtained from the modified model.

Second, the steady state value of non—financial assets for workers in Gertler
(1999) is overestimated than that in the modified model. In particular, workers’

social security value—to—output ratio, has reduced significantly from 0.289 to
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0.095. The significant difference in s" is that there is an ambiguous transition

factor ¢/y in the valuation of social security wealth moving from work to
retirement in Gertler's model. Since the value of ¢ is about 1.933 and the value
of y is 0.209, ¢/y overestimates the value of s". In addition, the capital per

efficiency unit of labor rises from 3.458 to 3.491 and the gross return on capital

falls from 1.046 to 1.045.

Table 4—4. Comparison of steady state values between Gertler (1999)

and the proposed model

Variables Gertler | Proposed Variables Gertler | Proposed
(1999) (1999)
K/ XL 3.458 3.491 h" 4.134 4.079
(Capital per (Human wealth—to—
efficiency unit of output ratio for
labor) workers)
R 1.046 1.045 h' 0.121 0.121
(Gross return) (Human wealth—to—
output ratio for
retirees)
Q 1.052 1.057 s" 0.289 0.095
(Adjustment (Social security
factor) wealth—to—output
ratio for workers)
T 0.065 0.067 s’ 0.153 0.154
(Propensity to (Social security
consume out of wealth—to—output
wealth for ratio for retirees)
workers)
ETT 0.126 0.125 h" +s% 4.424 4.174
(Propensity to (Non—financial
consume out of assets—to—output
wealth for ratio for workers)
retirees)
& 1.933 1.862
(Retirees’
consumption
elasticity)
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4. Sub—conclusion

In this work, Gertler's OLG model is modified by rigorous derivations of
adjustment factor and non—financial assets valuations. As a result, the
improvements are as follows: first, a more accurate formula for Q 1is derived.
Second, the consistency in valuations of non—financial assets is ensured. In
addition, it is found that the steady state value in Gertler's model is slightly
underestimated for the risk adjustment factor and overestimated for the non—
financial assets—to—output ratio more than in the proposed model. In particular,
the difference in the value of s“ in the two models is significant because of the

ambiguous transition factor &/w included in the valuation of social security

wealth when the worker goes from work to retirement in Gertler's model.
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Chapter 5. Insurance Model

1. Introduction

This chapter attempts to incorporate non-—life insurance into the modified
Gertler's OLG model described in Chapter 4. It also sets out a framework in
which the private and public sectors share the role of providing compensation
for losses, assuming that the proportion of a total loss to GDP is constant.

Despite the growth of the insurance industry, most economic models,
including the OLG model, do not include the insurance sector within the model
and overlook the impact of insurance on the economy, such as risk allocation,
financial loss compensation, assets transfers, and capital accumulation.

For the most part, previous research about the relationship between insurance
and the economy has tended to focus on microanalyses or empirical studies of
real data with proxy variables for insurance and the economy. Beenstock,
Dickinson, and Khajuria (1986) first assess life insurance determinants by
undertaking a cross—sectional analysis from a demand perspective. They also
suggest the relationship between the demand for insurance and other factors,
such as economic variables, life expectancy, population structure, and social
security. Browne and Kim (1993) identify the dependency ratio, national income,

government spending on social security, inflation, and insurance price as

64



important determinant factors in the demand for life insurance. Ward and
Zurbruegg (2000) examine the dynamic relationships between economic growth
and growth in the OECD countries' insurance industry. They conducted a
cointegration analysis and causality tests using the real GDP and total real
premiums in each country from 1961 to 1996 and found that the causal
relationships between economic growth and insurance market development can
vary across countries. Heiss and Simegi (2008) investigate the effects of both
insurance investments and premiums on GDP growth in Europe. They adopt an
endogenous growth model with a modified Cobb—Douglas production function
as an analytical methodology and estimate the influence of technology and
insurance on logarithmic forms of output. They find a significant link between
insurance and economic growth, but they also emphasize the importance of the
interest rate and economic development level to the insurance sector. Many
studies have examined the relationship between insurance and economic growth
in recent years. However, most of them are empirical studies, which mainly
select proxy variables and derive results through statistical tests for certain
countries over a certain period.

Since few theoretical studies that have dealt with the impact of insurance on
the economy, this study provides a new framework for considering insurance
within the OLG framework to analyze the impact of insurance on the economy.

The critical characteristics of the insurance model are as follows: first, the

demand for insurance is determined in the individual’s decision problems. The
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optimal choice of insurance for each agent directly increases their utility and
private insurance coverage is partial. However, there is a limitation that financial
losses from partial private insurance are not reflected in utility. Second, the
government has chosen to provide public sector insurance for loss in which
private insurance is not covered and refer to it as social insurance. Since the
government has to require workers to pay taxes to provide compensation for
agents, this paper also studies the impact of private or social insurance on
workers' financial burdens.

The rest of this chapter discusses the following. Section 2 introduces the
insurance model, including social insurance, Section 3 derives equations and
initial values of exogenous variables in steady state, and Section 4 analyzes the

impact of the preference for private insurance on economy.

2. Model development

This section describes the insurance model incorporated with OLG model.
Households' decision problems determine the demand for private insurance, and
the optimal choice of private insurance for each individual directly increases

their utility. Individuals spend prti on purchasing private insurance at the end
of each period, where 1' means the level of indemnification and pti means risk

t

probability. The compensation for loss may be made by private insurance or by
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social insurance, assuming that the ratio of a total loss to GDP is constant.
Preference for private insurance affects the individuals’ insurance expenditure?,
and the percentage of loss compensated by private insurance among total loss.
Each coverage ratio of private and social insurance of the total loss will affect

economic agents' life—cycle behavior and the overall economy.

1) Individual decision

What is different from the modified Gertler’s OLG model in Chapter 4 is that
individuals spend on purchasing non-—life insurance Itipti each period and
consider the present value of future cash flows of insurance spending Zti in

their non—financial assets.
(1) Retiree—decision problem

A retiree obtains utility from consumption C/, insurance purchasing |, and

leisure 1-17 as follows:
r r r ryl I r Yo
Max V¢ =[{CO (1) @)} 4 Ay | (5.2.1)
subject to A, =2A +W/'I' +E, -C -1 p/. (5.2.2)

4

The retirees’ financial assets A, at the beginning of period t+1 are equal to

2 An increase in private insurance expenditure means an increase in indemnification with the
risk probability unchanged.

67



the sum of financial assets %N held by the retiree and cash flows including

labor income W/, social security benefits E, , consumption C; and insurance

expenditures | p; at the end of period t.

The first—order condition for insurance, labor supply, consumption gives

(Appendix (B.1.8), (B.1.9)):

I'pf =2C/, (5.2.3)
1-If =22 Cl /W, (5.2.4)
Cla =[G ()" RuAIC. (5.2.5)

Here, wage increases by X percent each year, but the risk probability is
assumed to be constant each year.

On the other hand, equation (5.2.3) also can be expressed as

Pl =W A=), (5.2.6)
Let us guess a form of consumption function as follows:

Cl =g m (A +H +8/-2)), (5.2.7)
and the retiree's consumption rate g 7z, out of wealth is derived by ( Appendix
(B.1.27))

e =[G GO Rl Aoy 22 (5.2.8)
In Eq. (5.2.7), non—financial assets can be evaluated as

Htr +Str _Ztr Z\Ntrltr + Et - Itr ptr +ﬁ(Htr+1 +Str+1 _Ztr+1) ) (5.2.9)

where H/ 1s human wealth, S/ is social security wealth, and Zz is the total
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expenditure on insurance. Each asset is the present value of future cash flows
from labor income, social security benefits, and insurance expenditure,

respectively, and valuations by assets also hold as follows:

HY =W+ 2 (5.2.10)
S/ =E, +-8/,, (5.2.11)
Z =P+ 2 (5.2.12)

(2) Worker—decision problem

As with retirees, workers choose consumption C, insurance purchasing I,
and leisure 1-1" that maximize their value function
V" = {[(th)“ (M) A=1" + Bl + (- 0V, T }l/p (5.2.13)
subject to budget constraint
Aa=RA™ W I -C" - 1p, . (5.2.14)
The worker's financial assets at the end of period t after all cash flows occur
becomes either a worker's wealth or a retiree’s wealth at the beginning of period
t+1. Unlike retirees, workers pay income tax per period, and they will receive
social security benefits after retirement.

The first—order conditions necessary for the worker's insurance, labor supply,

consumption choice are given by

I"p, =£C/, (5.2.15)
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1-1" =22 C /W, . (5.2.16)
oC" + (- ) y(e.,)7Cl, = [(%)V (%)(1‘“‘”]"‘1(Rt+lQH1ﬂ)"CtW . (5.2.17)

On the other hand, equation (5.2.15) also can be expressed as
I'p =5 W, @-1). (5.2.18)

In (5.2.17), Q,,, is arisk adjustment factor defined as follows:

Q,=0+1-0)t(6.)" 7. (5.2.19)

where y=(2)" (), p=ts s=gh
The risk adjustment factor Q in the insurance model is different from that in
the modified Gertler’s model in that y includes the relative risk probabilities in
addition to the relative price of wages.
A form of consumption function can be conjectured as follows:
C'=m(RA"+H"+5"-2"), (5.2.20)

and the worker's consumption rate z, out of wealth is derived by (Appendix

(B.2.28))

7 =1-[(5) GO Rl A7 2 (5.2.21)

In equation (5.2.20), valuation of non—{financial assets is given by (Appendix
(B. 2.39)):

HY +SY =20 =W — 1, + g g (HY + 8, ~ Z0) + g (L) p (HY, + S0, — 2L,

Rt+1 QHI

(5.2.22)

where H/" 1s human wealth, S" is social security wealth, and z" is the total
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expenditure on insurance.

In the previous Chapter 4, the consistency of valuations in human wealth and
social security wealth 1s ensured by modifying the ambiguous transition factor
in the social security assets valuation in original Gertler's model. This
consistency 1s still ensured when the present value of future insurance
expenditures Z! is included in non—financial assets.

Therefore, two valuation factors contingent on the two states of employment
and retirement are still in the insurance model, as in the modified model. In other
words, when the worker maintains the status of employment in the next period,
non—financial assets are evaluated by a factor ﬁﬁ . the production of

discounting factor ﬁ and risk—adjusted probability oo - On the other hand,

when the worker retires in the next period, non—financial assets are evaluated

by a factor ﬁ(l—ﬁ)l the production of discounting factor % and risk—

adjusted probability (1—&) )

The following equations for valuations by asset also hold as follows:

WIW_FKQ_HSL"'_(]'_Q)?/ t+1 (4.2.36)
StW Rm Qm Stv‘\*l'l 11 (1_ )ySHl ’ (4237)
=P g L R A2 (5.2.23)

Human and social security wealth valuations of workers and retirees are the

same as those in the modified Gertler’s model. Even if z" is included, the
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valuations in non—{financial assets are still consistent.

2) Aggregate decision and the distribution of wealth

The method for deriving the aggregate equations is the same as in Gertler
(1999). Because individual's consumption rate in the same group is identical,
the aggregate consumption function can be easily derived by summing across
the individuals' functions within same groups.

From (5.2.7) and (5.2.20), respective aggregate consumption functions of
workers and retirees are as follows

Co=emr(RA"+H +S" -Z" )=, (RAA +H +S -Z), (5.2.24)
Cr=r,(RA"+H" +S8" -2")=r[RA-A4)A +H" +S" -2"], (5.2.25)

and aggregate consumption function of overall economy is as follows.
C =r[{l+(s —-DAIRA +(H" +8" -Z")+¢ (H~+S"-2")]. (5.2.26)
Here, the aggregate equations for non—financial assets of workers and retirees

are derived from (5.2.9) and (5.2.22), respectively, as follows:

Htr. + Str. - Ztr. = (\Ntrl-: + Et. - Itr. ptr) +m7(Htr+.1 + Str+.1 - ZtrJ:l) , (56.2.27)

HY 45—z

=W =T = 1P + g s (U S = 208 + gy -2 (O + 80 - 20),
(5.2.28)

Workers' share of assets 4" =(@0—-4)=A"/A considering the purchasing

72



non-—life insurance is given by

(- A DAL=o[Q-A)RA +WL =T, -C" - 1"p], (5.2.29)

and (5.2.29) also can be expressed as

(L-A)RA +WL' =T, —C —1"p, =& A (5.2.30)

For retirees, the share of assets A4 =A"/A is given by
AN =RAA AW L +E -C" - 17"p + Q- o)[1-A4)RA +WL' -T, -C" -1"p.],

(5.2.31)

and using (5.2.30), equation (5.2.31) is rewritten as

A AL =RAA WL +E -Cl —17p + (- o) =22 A (5.2.32)
Thus, retirees' share of assets is obtained as
Ay =ol-gr, )RJLt +a)[\/\lt L +E —gmH"+S" -Z")- Itr'ptr]tJr(l—a)) . (6.2.33)

Besides, from (5.2.4) and (5.2.16), the aggregate labor supply equations are

derived as follows:

L' = N, - &2, (5.2.34)

L =Ny —&=52=C. (5.2.35)

3) Social insurance

The government provides social insurance for loss not covered by private

insurance and we refer to social insurance expenditure as G;. It is financed by

the income tax and one period government bonds B, . Thus, the government for
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each period satisfies the following conditions:

B.,=RB +G, +G’ +E -T,. (5.2.36)
G, denotes governments' general expenditure, G denotes social insurance
expenditure, and E, indicates a total amount of social security benefits for

retirees. As in Gertler's basic model, the ratio of governments' general
expenditure to GDP, the ratio of social security payments to GDP, and the ratio
of government debt to GDP are fixed as follows:
G, =9,Y,, E =eY,, B =hy,. (5.2.37)
On the other hand, social insurance expenditure is defined as
G: =Total loss— I"p, — I p; . (5.2.38)
As shown in (5.2.38), the government subsidizes those differences through
social insurance when a total loss is not fully covered by private insurance.
Private insurance and social insurance are substitute relations in this framework
since an increase in the demand for private insurance decreases the demand for
social insurance, assuming that the ratio of a total loss to output is constant.
For example, suppose that the ratio of a total loss to output is set to 0.047°
and this value remains constant. By increasing the preference parameter for
private insurance from O to 0.04, the ratio of compensation to total loss by
private insurance increases from O to 0.047 and the ratio of compensation by

social insurance decreases from 0.047 to O. That is, as the preference for

3 Based on premium income of non—life insurance from Statistical year book 2018
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private insurance increases, the coverage ratio by private insurance rather than

social insurance increases for the total loss.

0.05

0.04

0.02

Ratio of total loss and
insurance coverage to output

0.01

0.00
0.000

0.005

0.010 0.015

0.020 0.025

Preference for private insuance

------ Social insurance coverage

0.030

Private insurance coverage

0.035

Total loss

Figure 5—1. Ratio of total loss and private/social insurance coverage to output

Table 5—1. Ratio of total loss and private/social insurance coverage to output

by insurance preference parameter

Insurance Ratio of loss Ratio of loss Ratio of total
preference covered by covered by social loss to output
parameter private insurance insurance to
to output output
0.000 0.000 0.047 0.047
0.005 0.006 0.041 0.047
0.010 0.012 0.035 0.047
0.015 0.018 0.029 0.047
0.020 0.024 0.023 0.047
0.025 0.030 0.017 0.047
0.030 0.035 0.011 0.047
0.035 0.041 0.006 0.047
0.040 0.047 0.000 0.047
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Table 5—2. Rate of loss covered by private/social insurance to total loss by
insurance preference parameter

Insurance % of loss % of loss Total loss

preference covered by covered by social

parameter private insurance | insurance to total

to total loss loss

0.000 0.00% 100.0% 100%
0.005 12.7% 87.3% 100%
0.010 25.4% 74.6% 100%
0.015 38.1% 61.9% 100%
0.020 50.6% 49.4% 100%
0.025 63.2% 36.8% 100%
0.030 75.7% 24.3% 100%
0.035 88.1% 11.9% 100%
0.040 100.0% 0.00% 100%

As in Gertler's basic model, financial wealth equals the sum of capital and
government debt,

A =K, +B, (5.2.39)

and the capital intensity, vehicle for saving, in the insurance model, evolves as

Ko =Y, —C,—G, =G’ —1"p, — I p| + - S)K, . (5.2.40)

3. Equations and initial values in steady state

1) Steady—state equations

The methods for deriving the steady—state equations follow those suggested
in Gertler (1999) and are described in detail in Chapter 2. Because all quantity

variables grow at the effective growth rate (1+x)(1+n), they are normalized by
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dividing them into output in steady state, for convenience.

From equation (5.2.40), the capital stock to output k can be derived as
[A+x)@+n)-1+6]k=1-c—g-g°—"p-1"p". (5.2.41)
In equation (5.2.41), the left side means investment and the right side means

saving. The steady—state equation of total consumption is given by
o=z {1+ (e DA JRK+b) + (h" +5" = 2") +&(h +5"-2) ], (5.2.42)
and workers' and retirees' consumption functions in steady state are as follows,
respectively,
c' =en[A'R(k+b)+h" +s"—2"] (5.2.43)
c" =a[l-A")R(k+b)+h" +s" —z"]. (5.2.44)
Substituting (5.2.42) into (5.2.41), then,

[A+x)@+n)-1+65]k
=1-z{[l+ (e ~DAIR(K+b)+ (" +" —2") + £(h" +s" —2")}—g—g* —1"p—1'p".

(5.2.45)

Human wealth for workers and retirees in steady state are as follows:

h" = ) (152, (5.2.46)

h" =[aY -7+ &2 (1-2)yh ]/ [1- L 289 (5.2.47)

where L=N_foew (5.2.48)
&= @+ EpIL+ e (5.2.49)

Steady state equations of social security wealth for workers and retirees are
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given by
SW:U-;RX)(]__%)ySr/(l_a;RX)% . (5251)

The equation for the share of assets of retirees in steady state is given by

A" = oR(~en) A" gy + 0l = +e—ex(h" +5" - 2") =" p I gaymn + L - @) (5.2.52)

AV =1-4" (5.2.53)
In steady state, gross return is
R=(l-a)k+(1-05), (5.2.54)
and substituting (5.2.45) into (5.2.54), then equation (5.2.54) is rewritten as

_ 1[@4+x)(4+n)-1+5Tk—" p—i" p" -z [(h" +s" 2" )+e(h" +s" 2" )]-g—g°
R= 7[1+(e-1) A" 1(k+b) : (5.2.55)

Risk adjustment factor and the propensity to consume of workers and retirees

are respectively given by

Q=[o+1-0)1(s..)™ 11, (5.2.56)
r=1-[(L)*"VRQI 57, (5.2.57)
er =1-[(&) "R By . (5.2.58)

Finally, the total tax—to—output ratio is as follows:

r=[R-(1+x)A+n)lb+g+g°+e. (5.2.59)

2) Initial steady—state values

In the insurance model, in addition to the parameters presented in Gertler's
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(1999) paper, the following parameters are added: preference parameter for
private non—life insurance v, the relative value of risk probability 7, which is
the ratio of the risk probability of a retiree to the risk probability of a worker.
Here, the government has no provision of social insurance by assuming that the
total loss is fully covered by private insurance when the insurance preference
parameter value is 0.04.

Table 5—3 shows the value and description of parameters, and Table 5—4
shows the steady—state values of basic exogenous variables.

Table 5—3. Description and value of parameters

Parameter Description Value
n Workforce growth rate 0.01
w Probability of remaining in the labor force 0.977
V Probability of surviving of a retiree 0.92
1)) Preference parameter for consumption 0.4
1% Preference parameter for 0.04

private nonlife insurance
l-v-v Preference parameter for leisure 0.56
p Subjective discount rate 1.0
P Curvature parameter -3
o Intertemporal elasticity of substitution 0.25
& Productivity of a unit of labor supplied by a 0.6
retiree relative to a worker
n Ratio of the risk probability of a retiree to the 3
risk probability of a worker
a Labor income share ratio 0.667
o Capital depreciation rate 0.1
X Growth rate of technology 0.01
b Government debt to output 0.25
g Government consumption to output expenditure 0.20
e Social security payments to output 0.02
p Risk probability of a worker 0.01
p' Risk probability of a retiree 0.03
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Table 5—4. Initial steady —state values of basic exogenous variables

k Capital stock to output 2.353
K/ XL Capital stock per unit of effective labor 3.609
R Gross return on capital 1.042

T The propensity to consume out of wealth 0.058
e 0.104
Q Risk adjustment factor 1.046
h" Ratio of human wealth to output 4.527
h 0.298
gV Ratio of social security wealth to output 0.115
s 0.185
z" Ratio of present value of total insurance 0.449
7" expenditure to output 0.095
AW Share of financial assets 0.778
A’ 0.222

T Ratio of total tax to output 0.225
c" 0.367
c’ Ratio of consumption to output 0.103
c=c"+c' 0.470
" p 0.037
' Ratio of insurance expenditure to output 0.010
ip=1"p+i'p’ 0.047
LY/ N Labor supply as a fraction of total time 0.552
L / Ny endowment 0.182

Notes: 1) superscript W denotes workers, and r denotes retirees.

4. Impacts of expanding coverage through private insurance

This section examines the effects of an increase in the proportion of private
insurance on the economic agents’ behavior and the macroeconomy, i.e., when

the proportion of claims payment to the total loss by private insurance increases.
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As previous mentioned, when the ratio of total loss amounts to output is
constant, increasing the preference parameter for private insurance increases
the rate of loss covered by private insurance of the total loss. When that
happens, the rate of loss covered by social insurance decreases. (see Table 5—
1 and Table 5—2). Varying the ratio of private insurance coverage to a total loss
from O to 1 increases capital stock per unit of effective labor from 3.48 to 3.61,
a change of 3.79%, and reduces the gross return on capital from 1.045 to 1.042,
a 0.34% change.

Table 5—5. Effects of the ratio of private insurance coverage to total loss on
capital stock and gross return

The ratio of private Capital stock per unit of | Gross return on capital
insurance coverage to effective labor stock
total loss (K/XL) (R)

0.000 3.478 1.0452
0.127 3.493 1.0448
0.254 3.511 1.0443
0.381 3.527 1.0439
0.506 3.545 1.0434
0.632 3.561 1.0429
0.757 3.577 1.0425
0.881 3.594 1.0421
1.000 3.609 1.0417

AN0.132 Vv 0.004

AN3.79% V0.34%
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Figure b5—2. Effects of the ratio of private insurance coverage to total loss on
capital stock and gross return

Table 5—6. Effects of the ratio of private insurance coverage to total loss on
the tax burden

The ratio of private Total tax to output Total tax to labor
insurance coverage to (z=TI/Y) income (z/at)
total loss

0.000 0.273 0.425
0.127 0.267 0.416
0.254 0.261 0.408
0.381 0.255 0.399
0.506 0.249 0.390
0.632 0.243 0.381
0.757 0.237 0.372
0.881 0.231 0.364
1.000 0.225 0.355

v0.048 v 0.07

82




0.45

0.40 0.425 (416
: . 0.408
0.35 0399 0.390 381

0.30

Memmmmm e
M Hemmm—- [ C -

025 0273 0267 0261 eoen oTTTTTT s o

o 0.273  0.267 g.261 0.255 0.249 (243 0.:-37 0.231 0.225
0.15

0.10

0.05

0.00
0.00 0.13 0.25 0.38 0.51 0.63 0.76 0.88 1.00

Private insurance coverage / Total loss

==x=-Total tax to GDP —»— Workers' tax burden

Figure 5—3. Effects of the ratio of private insurance coverage to total loss on
the tax burden

As shown in Table 5—6 and Figure 5—3, the percentage of total tax to GDP
from 27.3% to 22.5% decreases by 4.8%p, as the ratio of private insurance
coverage to a total loss increases from O to 1. Based on wage income, the
percentage of total tax to labor income for workers decreases from 42.5% to
35.5%, by 7%p. Conversely, if the ratio of social insurance coverage to total
loss increases from O to 1, the percentage of total tax to GDP increases by
4.8%p, and workers' tax burden to labor income increases by 7%p.

There is only a difference between paying tax or paying contribution for
workers, but there is no difference in that they bear their own loss whether loss
is compensated by private insurance or by social insurance. However, as the
relative proportion of social insurance against total losses increases, the income

tax burden on workers increases even more because retirees do not pay taxes,

83



and workers act as a source of funding to provide social insurance services to
retirees through tax payments. On the other hand, increasing the preference
parameter for insurance under the fixed preference parameter for consumption,
reduces the time spent on leisure relatively, thus increasing the labor supply

for workers and retirees.
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Figure 5—4. Effects of the ratio of private insurance coverage to total loss on
workers' labor supply
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Figure 5—5. Effects of the ratio of private insurance coverage to total loss on
retirees' labor supply
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5. Sub—conclusion

This chapter proposes a new type of OLG model that incorporates insurance,
which is meaningful in that few economic models could analyze the interactions
between the economy and insurance. This insurance model can also recognize
the loss from a particular financial event related to health, travel, automobiles,
accidents, which were not recognized by existing economic models.

Individual's insurance purchases directly increase their utility, but there is a
limitation that financial losses that are not fully covered by partial private
insurance are not reflected in utility. Therefore, this model addresses such
financial losses by introducing social insurance. In this model, private insurance
and social insurance are substitute relations assuming that the ratio of a total
loss to GDP is constant. However, it is controversial whether the relationship
between private and social insurance is substitutes or complements because it
can vary depending on the country's situation, such as the insurance system,
policy, economy, culture, and many other factors. Therefore, a more explicit
establishment of the relationship between private and social insurance and

reflection in the model will contribute to the more sophisticated model.
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Chapter 6. Life Insurance Model

1. Introduction

This chapter proposes a life insurance model, an extension of the previously
introduced insurance model. The life insurance model has several assumptions
different from the previously mentioned insurance model regarding population
composition and transition probabilities. In addition to workers and retirees,
dependents are newly added as economic agents, and the survival rate is
imposed on workers. Thus, it allows a dependent on receiving inheritance and
death benefits from life insurance in the event of a worker's death. The risk
adjustment factor is modified by including the risk probability of workers' death.

As seen in the literature review in the previous chapter, theoretical work has
been relatively little done to make an economic model where insurance is
incorporated. Thus, this study suggests a new type of OLG model that modified
Gertler's (1999) model to include non—life and life insurance.

The structure of this chapter is as follows. Section 2 introduces the basic
assumptions of our model: population dynamics, insurance sector, preferences.
Section 3 deals with the individual choice to derive the behavior of individual
consumption. Section 4 deals with the aggregated choice and derives steady—

state equations and steady—state results for the economy. The distribution of
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wealth among groups and production assumptions are discussed.

2. Basic assumptions

1) Population dynamics

This model contains three types of economic agents: workers, retirees, and
dependents. Each individual is born a worker, and a surviving worker is
transferred to continuing to be a worker or to be a retiree, and a worker’s death
causes a new dependent to emerge in the next period.

Let y, be a probability of survival, where subscripts i=w,r,d indicate
whether the individual is a worker (w), a retiree (r), or a dependent (d) and
let o be a probability of remaining in the labor force. A worker can then
maintain the worker’s status with a probability of y,®, retire with a probability
of y,d-®), or die with a probability of 1-y,. It is possible for a retiree and a
dependent on surviving with a probability of y, and y,, or die with a probability
of 1-y, and 1-y, , respectively. These assumptions of the transition
probabilities are summed up in Table 6—1 and Figure 6—1. The transition
probability is independent of the period or age of employment, which makes the
aggregation easier. Thus, representative workers' expected time to remain in

the labor force is 1/(1-y,0) , and the remaining life expectancy of
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representative retirees and dependentsis 1/(1-y,) and 1/(1-y,), respectively.

Table 6—1. Assumptions of the transition probabilities

Type of Probability of Probability of Probability of exit
agent survival remaining in the from the labor
labor force force
Worker Y V@ 1-y,0
Dependent 74 74 1-y,
Retiree 7, 7, 1-y,

[t is assumed that the number of workers N, increases at a constant rate n

each year and that new workers (1-y,@+n)N, are born in t+1. Then, the

composition of workers in t+1 is as follows.

N,,, =@+n)N, =y,©N, +([1-y,0+n)N,.

(6.2.1)

The ratio of retirees to workers w, can be derived using equation (6.2.2). In

the stationary equilibrium, the ratio is fixed. Thus, the number of retirees at

time t is w,N,, and that number grows at the same rate as the work force, n.

Y i a-oN =D 7o)
s=1 s=1

0
N, _ Zwl-o)N, > (
(l+n)s 1+n ~

J— V'w (1750)

1+n—y,

e ys-l — Y (L-0)N;

, (6.2.2)

+n-y,

(6.2.3)

Similarly, the ratio of dependents to workers is y,, and the number of

dependents at time t is yyN,.

1-rw

= 1+n—y4
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Figure 6—1. Population dynamics by transition probability

2) Insurance sector

(1) Actuarial note

Retirees and dependents eliminate death uncertainty by purchasing an

actuarial note. Retirees who survive with the probability of y, until the next
period receive the gross return R/y,, and those who die with the probability of
1-y, receive nothing. In other words, each surviving retiree receives a return

that is proportionate to their initial wealth. Similarly, the gross return on wealth

for a surviving dependent is R/y,, and when they die, they receive nothing.

(2) Non—life and life insurance

In this model, economic agents take out insurance and obtain utility from

insurance in addition to consumption and leisure in their decision problems. It is
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assumed that only a worker can be insured for life insurance, but that all agents
can be insured for non-life insurance. Life insurance is limited to term
insurance, a type of life insurance that guarantees a specific period and provides
death benefits if the insured dies during the period specified.

w2
It

Workers spend p? on purchasing life insurance at the end of each period,

IW2

where 1" means indemnification of life insurance and p" means risk

probability. The risk probability p in life insurance also means the worker’s
mortality rate 1-y,. A dependent receives inheritance and death benefits from
life insurance in the event of a worker’s death.

Non-life insurance is a product that takes risks from particular financial
losses related to automobiles, health, travel, home, accidents, commerce, fire,

IWl Ir Id

property, crops, etc. p*, pf, ptGI and 1,1/, 1

denote the risk probability and
indemnification of non—life insurance, for a worker, a retiree, a dependent,
ItWl

respectively. Thus, each individual by group spend I"p™, 1'p/, 1'p! on the

non—life insurance at the end of the period, respectively.

Table 6—2. Assumptions of insurance

Type of Type of Risk Indemnification Insurance
agents insurance probability expenditures
Worker (w) Non—life p 1" 1" "
Life p " 1%
Retiree (r) Non-—life o N I/ p;
Dependent (d) Non-life p! 1 1 p!
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3) Preferences

The non—expected utility function proposed by Farmer (1990) is used in this

model. By imposing the survival rate on workers and by adding dependents to

economic agents, the value function V,' can be expressed as follows:

i iyo iy iyl-v-v . i
Vi ={IC) () =1 Y + BAlE Ve 1D (6.2.5)
where the superscript i=w,r,d indicates whether the individual is a worker (w),

a retiree (r), or a dependent (d ).

E,(V..]1) is the expectation of the value function in the next period conditional
on the person being type i at time t and being alive at t + 1.
E (V. |W)=y,oV. +7,0-0)V,,, (6.2.6)
E (Vi D=V, and E (M, |d) =V,
Individuals consume three goods, such as consumption C,, leisure 1-1,, and
insurance |, but what is different from the insurance model in Chapter 5 is that

the worker’s insurance includes life insurance. In the previous chapters, the

worker's subjective discount factor is g, but by imposing survival rates on the
worker in this model, all agents use an effective subjective discount factor pSy,,
considering the probability of survival for each period. Meanwhile, p indicates

the curvature parameter to smooth the trade—off between consumption and

savings, and o=1/(1-p) is the intertemporal elasticity of substitution.
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3. Individual decision

All agents supply labor, and the labor productivity of dependents and retirees
is lower than that of workers. Let & €(0,1) and &, €(0,1) be the productivity of
labor supplied by a retiree and a dependent relative to a worker, and then the
wage per unit of time is as follows: W" =W, W'=&EW, W' =&W .

The government implements fiscal and social security policies. The
government pays social security benefits to retirees and dependents, and
imposes taxes only on workers to raise policy funds.

Each worker determines the total insurance expenditure for both non—life and
life insurance from the optimal choice. For workers, the imposition of the
survival rate on each period affects the risk adjustment factor, subjective
discount rate, and asset valuations. Furthermore, a dependent's initial financial
assets include the bequest and insurance benefits from a worker's deaths. The
life insurance model also can capture the transfer of assets from workers to
retirees in aggregate decision step.

Since retirees and dependents purchase only non—life insurance and there is
no difference in individual decision problems between retirees and dependents.
Therefore, the solutions to decision problems of retirees and dependents in this
model are the same as retirees' decision problems in the non—life insurance

model of Chapter b.
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1) Retiree and dependent decision problem

The value function of retirees and dependents are

VO ={IC) 00 a1 + B vy (6.3.1)
where j=r (retiree), d (dependent).
The budget constraints are
A{rl:%Aj +WIJ+El —C/—1ip], (6.3.2)

which is the evolution of financial assets where R /y, is the gross return, W,/'I/

is labor income, E/ is social security benefits, and C/ is consumption, 1/p/ is

the expenditure on non—life insurance at the end of the period.
The first—order conditions for insurance, labor supply of the retiree and

dependent yields: (Appendix (C.1.8) and (C.1.9)):

1) p/] :%Ctj, (6.3.3)
1-1) =1*“T*VC3 /W, (6.3.4)
where Itj is labor supplied by a retiree or a dependent.

Another expression of Eq. (6.3.3) is
17! =g W/ @-1). (6.3.5)
The consumption Euler equation for the retiree and the dependent yields (see

Appendix (C.1.19)):

Cly =[G (2" RLAI T/ (6.3.6)
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A conjecture form of consumption function is
Cl=¢ln (A +H+8!-Z]), (6.3.7)
where glz, is the retiree’s or the dependent’s consumption rate of wealth.

glx, is derived by (see Appendix (C.1.27))

alm LG QY Rl A7y 2 (6.5.8)

4177t

Valuation of non—financial assets of retirees or dependents are

H)+S) -z} =WJI) +E) -1/ p/ +%(Htj+1 +S),-2)) (6.3.9)
where H/ is human wealth, S’ is social security wealth, and Zz/ is the
present value of future expenditure on insurance, and cash—flows generated at
t—point include labor income, social security benefits, and insurance

expenditure.

The following equations for valuations by asset also hold (Appendix (C.1.36)).

HI =Wl + 2 H) (6.3.10)
s/ =E, +%Stj+l’ (6.3.11)
Zi=1)p! +2-2),. (6.3.12)

2) Worker decision problem

w

A worker chooses consumption C/, leisure 1-1", and insurance 1", and

faces a surviving probability of »" in each period.
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The value function of workers are

/p

V= {IEY () Q-1+ Bl + M- oV (6.3.13)

subject to budget constraint
Aa=RATHW I -C = 1p, . (6.3.14)
where p, is risk probability and 1p, =1"p + 1 p* (1" p™: expenditure on
non—life insurance, 1"p/ ! expenditure on life insurance). A" indicates
financial assets at t, R is the gross return, W, I is after—tax labor income,
I"p, is insurance expenditure on non—life and life insurance, at the end of the

period. Workers receive social security benefits after retirement and pays labor
income tax. The worker's financial wealth at the end of time t becomes either a
worker’s wealth or a retiree's wealth at the beginning of time t+1.

From the first—order conditions, the following insurance and labor equations

for the worker are derived as (see Appendix (C.2.8), (C.2.9)):
I'p =5C (6.3.15)
1| =2 Y W, | (6.3.16)
Eq.(6.3.15) can be also expressed as
1" p, = oW a-1". (6.3.17)

The first—order condition for the worker's consumption choice yields (see

Appendix (C.2.21)):

o0+ (- 0)7, (6,2 7Ol =[() (GO T R QB)1CY . (6.3.18)
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In (6.3.6), Q,, is a risk adjustment factor given by

Q. =70+ A-0)2 ()" 7], (6.3.19)

v —U—V r+1 \Ntr+1
Where Zr = (%) (5_1;')(1 ' ) ’ 77[’ = Slul ’ ér = \Nt+1
The life insurance model includes y,, in the risk adjustment factor by modifying

the worker's transition probabilities (compare @ to @ in Table 6—3).

Table 6—3. Definition of risk adjustment factor by models

D Gertler (1999) Q°

t+1

=o+1-0)(&,,)" x
Where &=y, z=(3)
@ Modified model Q. =o+(1- w)%(‘("tﬂ)ﬁz

Where &= \\:vv: c =G

@ Insurance model Q=0+ 1-0)1(5,)7 1

Where =yﬁ 77=%, Z:(Tl])v(%)(l—u—v)

@ Life insurance model Q= o+ 0-0) 2 (&) 7]
Where fr =zvﬁ , 1, :% 2= (n_lr)V(%)(l—ufv)

Notes: 1) In the life insurance model, r, which represents retirees, is used as a subscript or a
superscript of y,¢,&,n, y to distinguish it from dependents. 2) The risk probability of
workers p,,,; in the life insurance model is a weighted average of the risk probability of non—

life insurance and the risk probability of life insurance.

Let us guess a form of consumption function as follows:
Cl=m(RA"+H"+5"-2"), (6.3.20)
where x, is the worker’s propensity to consume out of wealth. =z, is derived
by (see Appendix (C.2.27))

=11 GO RO B (6.3.21)

Tis1
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On the other hand, the valuation of non—financial assets for workers should
consider both future cash—flows depending on the two possibilities of
maintaining a worker's status and retiring by transition probabilities. Therefore,

the worker’s non—financial assets H"+S"-2z" are evaluated by

HtW + S[W _th =Wx|1w - ItW P = Lo (Ht+l + StVJVd _Ztv-\:—l) +t(1_ f{ff)?ﬁ(Hm + Str+1 _Ztr+1)' (6~3~22)

Rt Qua
where H" is human wealth, S" is social security wealth, and Z" is the
present value of future insurance expenditure.
Workers' non—financial assets are evaluated by two state —contingent factors,
which are the production of discounting factor and risk—adjusted probabilities,
as shown in (6.3.22). When the worker remains in the labor force in the next

period, ﬁ% 1s used, and when the worker goes from work to retirement in
+; +

the next period, %(1—% i1s used. Here, Q plays a role in adjusting

transition probabilities y,® in valuations.

The following equations for valuations by asset also hold.

=Wl" + RHl QMHtV-\:—l—i__(l g:j)yrHtl;l (6.3.23)
StW:RM glvjstvil"'_(l yww)?’r el (6.3.24)
2 =1"p + s e 2+ -89 2l (6.3.25)

As shown above, valuations of the worker's non—financial assets are consistent

in this life insurance model.
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4. Aggregate decision

1) Aggregate consumption and the distribution of wealth

The retirees' total consumption function is derived by combining each
retiree's individual consumption functions, and the same procedure is applied to
dependents and workers. The mark . is used on the superscripts of all
aggregated functions to distinguish them from individual functions. For example,

C/ indicates the individual consumption function, and C/ indicates the
aggregate consumption function.

Because individual retirees have the same consumption rate, the aggregate
consumption function for retirees can be derived by the sum of individual
consumption functions as Eq.(6.3.7) across individual retirees. Let A™ be the
total financial assets that retirees carry from time t to time t+1. Each retiree

earns a return of R /y, att, but because the number of surviving retirees is
the fraction p, of the total, the aggregate gross return on this wealth is R, .
Thus, the total wealth available to retirees at t is RA™. Let H/" be the total
human wealth of the current retiree workforce, S/ be the sum of the capitalized
future social security benefits across retirees at t, and Z" be the sum of the
present value of the future insurance expenditures across retirees at t.

Summing Eq.(6.3.7) over individual retirees indicates that the total retirees'’

98



consumption at t, C/*, is given by

Cl=gn(RA"+H +S-2[), (6.4.1)
with

H 480 =27 =W +E ~1"p{ + o (H + S0 - 210, (6.4.2)
H =W + mors (1+n)|:<Hl H (6.4.3)
S =E +@mr: St (6.4.4)
=1p+ (1+n)reHl TR Lo (6.4.5)

where
7P == EW (N, - L) (6.4.6)

Equations (6.4.2), (6.4.3), (6.4.4), (6.4.5), (6.4.6) are respectively derived by
summing (6.3.9), (6.3.10), (6.3.11), (6.3.12), and (6.3.5) over individual
retirees. Because the workforce increases by (1+n) over each period, it is
necessary to adjust the value of future non—financial assets at t+1 to the t—
point value by using the dividing factor (1+n).

The aggregate dependents' consumption, C! are derived by the same logic

used for retirees, as follows.

Cl=glm (RA" +H® +5% 2%, (6.4.7)
with
th' + Std' - th' :Wtd L? + Etd‘ - Itd‘ ptd (l+n)R (th+1 + Std+1 th+1 (6.4.8)
HY =WIL + g2 H, (6.4.9)
Std' =Etd-+u+r;1/ﬁst[i'l’ (6410)
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th. _ Itd-ptd n (1+g;RM Zt(i'l’ (641 1)

where
pt T o SW (N — Lf) (6.4.12)

Individual workers, like retirees and dependents, have the same propensity to
consume out of wealth, 7, so it is easy to derive the aggregate consumption

by simply summing the individual consumptions. Therefore, summing (6.3.20)

over individual workers indicates that total workers' consumption at t, C/*, is

given by
G =m(RA"+H" +8"-2"), 6.4.13)
with
HY +S" - =W, L TI - 1P ) + s (1+n)RH1 QM =(H+S0 - 25
+M( _g:+1)7r(Ht+l+Str+l t+1)’ (6414)
HtW = (Wt L[W _Ttl)+ (1+nl)RM Qi Htvil m 1 Qtl t+1» (6.4.15)
S = @ o et s A 67 S (6.4.16)
Z" = 1P+ mmg Lot R A 67 i (6.4.17)
where
W= =W (N, = LY) . (6.4.18)

Equations (6.4.14), (6.4.15), (6.4.16), (6.4.17), and (6.4.18) are respectively
derived from summing (6.3.22), (6.3.23), (6.3.24), (6.3.25), and (6.3.17) over

individual workers. In Eq. (6.4.15), W, LY, of all workers at each time point is
pre—tax income, so the total income tax, T.', on all workers must be deducted.

Let A denote aggregate assets and A/ ,ﬂtd , 4" denote the shares of assets
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held by retirees, dependents, and workers, respectively,

le.,

ﬂ{EAr./A., AtdEAd-/A. and /’lth(l_ﬂtr—ﬂtd)EAW'/A'.

Then, (6.4.1), (6.4.7), and (6.4.13) change as

Ctr. _ 5tr7rt(Rtﬂ1rAr' + Htr- + Str. _Zt"') , (6419)
Ctd. zgtdﬂt(RtﬂtdA\d."‘th.+Std._ztd.) ’ (642O)
" =m[RA-A —A)A +H +8" =Z"]. 6.4.21)

Combining above three consumption functions derived from the three types of

agents then yields an aggregate consumption function:

C =m[{l+ (s DA +(s' -DA'IRA
+(Htw. + Stw. - th.) + Etr (Htr. + Str. - Ztr.) + 8td (th. + Std. - th.)]' (6.4.22)

The individual's state changes with the transition probability, and the
distribution of wealth and total consumption of each group change over time.
First, the total assets owned by workers at the beginning of period t+1 are the
same as those transferred by workers at t into t+1 multiplied by the probability

that an agent will remain a worker in the next period, y,®.

A= A=Ay =) A0 = 7@ RATA WL =T -C" —1"p ], (6.4.23)

which can be rewritten as

RA'A +WL' =T ~C" — 1" p, = S22 A (6.4.24)
The last term in brackets on the RHS of (6.4.23) is the workers' total savings

at the end of time t and the workers' assets before the distribution of wealth

due to the movement of agents. Therefore, (6.4.24) is derived by merely
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transforming (6.4.23) to obtain the equations for the retirees' and dependents'
share of assets.

Second, retirees' total assets from period t to t+1 depend both on the saving
of current retirees at t and the assets of workers at t who retire at t+1. That is,
the initial gross assets of the retiree at time t+1 are the sum of the assets

accumulated by the existing retiree and the assets held by the new retiree.

A =RAA WL +ET =CF =17 p) +7,1- @)[RA"A +WL -T' -C" ~ 1" p, ] (6.4.25)
Equation (6.4.25) can be rewritten as following equation by using (6.4.24).

AR =RAR WL +EN —Cl =1 p[ +7,A-0) 2B (6.4.26)

When we summarize the equation for 4, after putting (6.4.19) into (6.4.26),

then the share of wealth held by retirees evolves according to

Xo= o= m)RA -
Yo+ E g m(H] +87 - 20) -1 p -+ - o)t-4%). (6.4.27)

Finally, the dependents' initial total wealth at time t+1 is the sum of the
savings in the preceding period and the inheritance and life insurance benefits

"> p"? arising from the worker's death.

That is, the wealth held by dependents is as follows:

AR =RAA +WIL +E" -C =17
+1-7)[RAA +W,L' -T' =C" = 1"p 1+ 1. (6.4.28)

By using (6.4.24), (6.4.28) can be rewritten as

ﬂt+1A+l Rt/’lt A +W L[ + Ed Itd. ptd + (1_7w) = 21;1(0/1“1) A+1 + IWZ ptW2 (6429)
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When we summarize the equation for A%, after putting (6.4.20) into (6.4.29),
then the share of wealth held by dependents evolves according to

¢ rwola mORAL L oW LTl (M ST 2818 Bl (L) (- A)
— + +
ﬂt‘*'l - (1_7w +;/Wa))

(6.4.30)

t t+1

Financial assets at t Financial assets at t+1

47 A
I I
wy — SV X, w W
Workers A4, . R AoA
TWL - LGN L
+ +
. e | BNAL (1—7u) % F NoAS
Dependents | Aj4, CWIL B -t - + 220 2 =
+ +
. [—— I Ay . .
Retirees A4, +|nA-w)xFl = | A4
WL E -

Figure 6—2. Change in the share of assets by economic agents from t to t+1

2) Production and labor supply

As in the previous chapters, Cobb—Douglas production functions are used,
and variable labor supply is assumed to mean that individuals can choose to use
consumption or leisure given one unit of time.

Y, =(X, L) K, (6.4.31)

L =L"+&0 +&,L (6.4.32)
The aggregate labor supply equations for workers, retirees, and dependents are

obtained by simply summing individual labor supply equations (6.3.4), (6.3.16).
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L' =N, —&2=cy (6.4.33)

L =Ny, — =520 (6.4.34)
LY =Ny, — 522G (6.4.35)

Equation (6.4.31) implies that the equations for wages and total return on capital
are given by

W, =aV, /L. (6.4.36)

R =(-a)Y, /K +(1-0). (6.4.37)

3) Insurance and governments side

Government implements fiscal and social security policies, and provides social

insurance for loss not covered by private insurance, as in the insurance model
proposed in Chapter 5. Therefore, each period, the government consumes G, ,
provides social insurance G/ and pays retirees and dependents a total of social
security benefits E/ and E'. To finance the expenditure, government issues
one period government bonds, B,,, and levies a total of tax, T,. Tax includes
income tax T, levied on workers and consumption tax T° levied on all
economic agents.

Thus, the stock of government debt at the beginning of time t+1 is given by

Bt+1:RtBt+Gt +Gts+E1r+Etd _Ttl _th- (6.4.38)
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The ratio of government consumption to output at , the ratio of social security

payments to output, étr e? and the stock of government bonds to output, be is
assumed to be fixed as follows:
G, =gY,. E =e, E’=eY,, B, =b,. (6.4.39)
Social insurance expenditure is defined as
G =Total loss——I1"p, -1/ p/ =1 p¢. (6.4.40)
The government subsidizes those differences through social insurance when a
total loss is not fully covered by private insurance, assuming that the total loss—
to—output ratio is constant.
Financial wealth equals the sum of capital and government debt,
A =K, +B, (6.4.41)
and which are the vehicle for saving and the capital intensity evolves as
Kiy=Y,—(C,-T) -G, -G’ - 1"p" I p/ — 1! p + 1-O)K, . (6.4.42)
To simplify the model, individuals assume that a particular portion of optimal
consumption corresponds to consumption tax without considering consumption
tax when making decisions to maximize utility. Therefore, in (6.4.42), (C, —th)

means pure consumption excluding the consumption tax.

4) Steady—state equations

Steady—state equations are derived from the aggregate functions. All quantity
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variables grow at the growth rate of effective labor force, (1+x) (1+n) and all
variables are denoted by the normalized certain variables relative to output in a
steady state.

First, let initial values be R, Q, L,/N, L,/L, L /L.

Using
Rz(l—a)k_l+(1—5), (6.4.43)

produces the initial capital intensity
k=1-a)/(R-1+0), (6.4.44)
which is tentatively determined. Next, the total tax to output 7 can be
determined as
r=[R-A+xX)A+n)b+g +9g°+e" +e°, (6.4.45)
where 7=7'+7° (z':income tax, 7°: consumption tax).
The respective steady—state consumption ratio equation for each worker,

retiree, and dependent is as follows:

7=1-[(Z)"""RQ B, (6.4.46)
g'm=1-[()"""RI" By, (6.4.47)
' =1-[()" RISy, . (6.4.48)

In that way, the elasticity of consumption for retirees &' and the elasticity of

consumption for dependents &% are determined.

Workers' non—financial assets can be evaluated as

h" +s" —z" =[aX ' —"p+ &2y (1-22)(h" +s" —z")]/ Q- L2 1w (6.4.49)

L R R Q /7
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h +s' =2 = (@ =55 el pT) /(1- &2y ), (6.4.50)

d
h +s" — 2% = (@2 +e - p) 1 (1-&2y), (6.4.51)
by using the respective recursive non—{financial assets equations:

h" +s" 2" =a & —7' —/"p

Y (LR A R A s | S A (6.4.52)
= LA A R P (U (6.4.53)
h' +s" - 2% =2 +st—z%). (6.4.54)

Next, the asset shares of respective workers, retirees, and dependents can be

expressed and solved as

AV=1-2"-21%, (6.4.55)
w_g d
r_ (o)) d . ola T8 e (W s -2 )= pTI(k+b) L+ (- @)L X)(L+n)
A= (1+X)(L+n)+@R (&' 7-1) AT+ (1)L +oR (¢ 7-1) , (6.4.56)
28— (L7 ) X)(Ln) r

(1= Y+ 7 @)(1+X)(14N)+7, @R (6 7-1)

yww[aiw &9z (h? +s8—z9)—f pd +"2 p¥2 ] (k+b) T+ (1- ;/W)(l+x)(l+n)

N (6.4.57)

A=y +7w@)A+Xx)(1+n)+y, @R (s 7-1)

The steady—state version of each aggregate consumption amount can be written

as
"= (- A" = ARk +b) +h" +5" —2"], (6.4.58)
c'=&"7[A'R(k +b)+h" +s"—2'], (6.4.59)
¢! =& 7[A°R(k +b) +h? +s° —7%], (6.4.60)
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and then the aggregation equation will be

c=a[{l+ (e -DA" + (&' ~DA"IR(k +b)
+(N" +s" —2")+&" (W +s" —z2") +&%(h +s° —z%)],

which can be used in calculating intensity capital such that
[+X)A+n)-1+5]k=1-(c-7r°)—g-g° —"p" —i"p"—1"p°.
Placing (6.4.61) into (6.4.62), then we have

[@+x)@+n) -1+ 5]k =1-7[{1+ (" -DA" + (" ~DA"IR(k +D)

(6.4.61)

(6.4.62)

+Hh" +5" —2")+ & (" +5 =2 )+ (h? +5° —2%)]+75 —g—g° —"p"™ =/ p" —"p* (6.4.63)

That produces new recursive values

R= 114+ X)(A+n) 1+ S Tk—" " =" p" % pd [ {(h" +5" — 2" )+&" (W' +5 2" )+&% (hd +s8 29 )}-C 1-g—g°
a1+ (" =1) A" +(e% 1) 2% |(k+b)

(6.4.64)

and the worker’s risk adjustment factor and labor supply of agents are as

follows:
Q= }/W[CO"F (1_a))y_:t(gr)glr] ’

M _N_ (o) Cw
L L av ’

U _ Ny (o) ar

L L &av ’

i _ Nyy — (Q-v-v) d
L~ L &av ’

ﬁ = (1+ §rV/r + é:d l//d )[1+ (17:,:‘/) C]_1 ’

(6.4.65)

(6.4.66)

(6.4.67)

(6.4.68)

(6.4.69)

and can be used to minimize the distance measure of the initial and new values

of R, Q, L,/N, L,/L, L,/L.
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5. Sub—conclusion

This chapter describes the life insurance model, an extension of the insurance
model in Chapter 5. The life insurance model is theoretically sophisticated than
insurance model in that it reflects a more realistic population structure, asset
allocation, diversification of insurance type. It is also possible to analyze the
impacts of life and non—life insurance on the economy in a steady state.

The life insurance model gives dependents besides workers and retirees the
role of economic agents. As the possibility of workers' death is imposed,
workers' conditions are diversified, and risk adjustment factors and valuation
factors used in decision making are changed. It allows a dependent on receiving
inheritance and death benefits from life insurance in the event of a worker's
death. Therefore, it is possible to analyze the impact of life insurance purchases

on the transfer of assets between workers and dependents.
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Chapter 7. Applications of Insurance Model

In this chapter, Section 1 derives the initial steady —state values by calibration.
Section 2 examines the effects of increasing the proportion of life insurance on
economic agents' behavior and the economy. Furthermore, Section 3

summarizes the implications of this work.

1. Initial steady—state values

Most parameters retain the values presented in Gertler's (1999) paper and
set additional parameter values associated with the new concepts introduced in
this model: the worker's survival rate y,, the dependent's survival rate y,, the
preference parameter for insurance v, and the productivity of a unit of labor
supplied by a dependent relative to a worker ¢&;. the worker’s risk probability

in non—life insurance le, the worker’s risk probability in life insurance pWZ,

the retiree’s risk probability in non—life insurance p".

Assuming a 45—vyear—old representative worker who retires at the age of 65,

the remaining working periods are 20 years(—— =20), the probability of

1-y,@
remaining in the labor force conditional on survival is 0.95. Similarly, assuming

a representative 72.5—year—old retiree who dies at the age of 85, the retiree's
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remaining life expectancy is 12.5 years(ﬁ =12.5), with a survival rate of 0.92.

For a representative dependent with a life expectancy of 20 years(ﬁ =20),

the survival rate is 0.95. Meanwhile, Gertler sets the consumption preference

parameter to 0.4 and the leisure preference parameter to 0.6

following Cooley's business cycle literature (1995).

Table 7—1. Description and value of parameters

in his paper

Parameter Description Value
n Workforce growth rate 0.01
V@ Probability of remaining in the labor force 0.95
conditional on survival
7, Probability of surviving for a retiree 0.92
74 Probability of surviving for a dependent 0.95
13) Preference parameter for consumption 0.40
1% Preference parameter for insurance 0.04

l1-v-v Preference parameter for leisure 0.56
Jij Subjective discount rate 1
2 Curvature parameter -3
o Elasticity of intertemporal substitution 0.25
g Relative productivity of retirees to workers 0.6
& Relative productivity of dependents to workers 0.7
a Labor income share 0.667
o Capital depreciation rate 0.1
X Productivity growth rate 0.01
b Government debt to GDP 0.25
g Government consumption to GDP 0.20
' Social security payments to GDP for retirees 0.03
el Social security payments to GDP for dependents 0.001
p™ Risk probability of a worker in nonlife insurance 0.01
p"? Risk probability of a worker in life insurance 0.003
p’ Risk probability of a retiree in nonlife insurance 0.03
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Table 7—2 reports the initial steady—state values when the parameters in

Table 7—1 are used as inputs.

Table 7—2. Initial steady —state values of basic exogenous variables

Variable Description Value Value
per capita
k Capital stock 2.053
K/ XL Capital stock per unit of 2.941
effective labor
R Gross return on capital 1.062
Propensity to consume for 0.081
a worker
e Propensity to consume for 0.117
a retiree
el Propensity to consume for 0.088
a dependent
e’ Retiree's consumption 1.442
elasticity
gl Dependent's consumption 1.087
elasticity
Q Risk adjustment factor 1.056
h" 3.154 4.959
h' Human wealth 0.597 1.796
he 0.099 3.107
sV 0.140 0.220
s’ Social security wealth 0.231 0.696
gd 0.011 0.338
A Present value of future 0.335 0.527
vl insurance expenditure 0.150 0.450
z° 0.021 0.652
hY +g% — z% 2.959 4.652
h +sf— 7" Non—financial assets 0.678 2.041
h? +s% —z¢ 0.089 3.107
AV =1-2"-2° 0.566 0.890
ar Share of assets 0.377 1.136
A° 0.057 1.779
r=7 +7° Total tax 0.241
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7! Total income tax 0.179
¢ Total consumption tax 0.061
c" 0.353 0.555
cr Consumption 0.188 0.565
c* 0.020 0.631
c=c"+c" +c’ 0.561
M p™ 0.034 0.053
12 P2 Insurance expenditure 0.002 0.003
p" 0.019 0.056
4 p* 0.002 0.063
o' ot Workers' tax burden 0.308
/N 0.541
L' / Ny Labor supply as a fraction 0.229
p : of total time endowment
L* / Ny, 0.254

Notes: 1) In the superscript or subscript of variables, W denotes workers, r denotes retirees,
and d denotes dependents. 2) Quantitative variables such as capital stock, non—financial assets,
tax, consumption, insurance expenditure are represented as the normalized variables relative to
output.

In steady state, the capital—output ratio is 2.053, the capital stock per unit of
effective labor is 2.941, and the total return on capital is 1.062. The
consumption rate of retirees and dependents tend to more than workers, and
the consumption elasticity of both retirees and dependents is more than one.

Of total financial assets, the workers' share is about 56.6%; the retirees' share
is about 37.7%; the dependents' share is about 5.7%. The proportion of total tax
revenue to GDP is 24.0%, of which the income tax is 17.9%, and the
consumption tax is 6.1%, which is about 10% of the total consumption amounts.
For workers, the tax burden to labor income is about 30.8%; the ratio of

consumption to post—tax income is 87.6%; the ratio of consumption, including
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insurance expenditure to post—tax income, is 96.3%. The model shows that only
workers pay income taxes, so the proportion of workers' consumption to their
after—tax income 1is relatively high, so they have less room for capital
accumulation than other groups.

Also, workers' labor supply is about 54.1%, and the labor supply of retirees
1s only about 20% because they have lower unit labor productivity and lower
wages than workers. It reflects the fact that retirees have accumulated more
economic wealth than average workers.

The fourth column of Table 7—2 shows the steady—state values per capita
for easy comparison among groups. The population proportion for each group is
obtained using the number of retirees/dependents to the number of workers.
The population proportion of workers is 63.6%, that of retirees is 33.2%, and
that of dependents is 3.2%.

Concerning the human wealth per capita, the value is 4.959 for a worker,
1.796 for a retiree, and 3.107 for a dependent, respectively. Workers have the
most extended working period and the highest efficiency per unit, so the value
of human assets per person is also the highest. Retired workers have shorter
working periods than workers, and only 60% of their per capita labor efficiency,
making them the lowest value of human assets per person. Dependents have a
per—unit labor efficiency of 70 percent compared with that of a worker, though
they have a more extended working period than retirees.

For the social security wealth per capita, the value is 0.22 for a worker, 0.696
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for a retiree, and 0.338 for a dependent. Workers' social security wealth is the
sum for all workers alive at t of the capitalized future social security benefits
they can expect during retirement. Similarly, retirees' social security wealth is
the total capitalized value of social security benefits of all retirees alive at t.
Thus, the capitalization period for workers is more than twice that of retirees.
Considering the discounted period and the population's size, it is plausible that
the social security wealth per retiree is more considerable than the social
security wealth per worker.

Finally, the share of financial assets per capita is 0.89 for a worker, 1.136 for
a retiree, and 1.779 for a dependent. To efficiently analyze the results, we
recalculated an adjusted value of the share of financial assets per capita by
setting a retiree's value to one. The adjusted values for a worker, a retiree, and
a dependent are 0.784, 1.000, and 1.566, respectively. The financial assets of
retirees and dependents are existing assets and assets transferred from
workers in the event of retirement or death. The share of assets held by
dependents accounts for only about 5 percent of the total assets, but due to
inheritance and the death benefits from life insurance upon a worker's death,
the share of financial assets per dependent is higher than that of a worker or a

retiree.
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2. Effects of increasing the proportion of life insurance

In the basic scenario, the proportion of non-—life insurance purchased by
workers was set at 95%, and that of life insurance was set at 5 %. This section
analyzes how increasing the proportion of life insurance purchased by workers
affects the steady—state capital and gross interest rates and changes economic
agents' life—cycle behavior.

With workers' total insurance expenditures fixed, the relative proportion of
life insurance changes from 0% to 10%. As a result, capital stock increases by
3.11% from 2.89 to 2.98, and gross return decreases 0.003%p from 1.064 to
1.061. Non-—life insurance is used for loss compensation purposes, but life
insurance affects both asset transfer and savings. In other words, the total life
insurance expenditure paid by a worker is transferred to the death benefits that
dependents receive upon the worker's death. Therefore, total life insurance
expenditure becomes an asset of the dependents upon the worker's death, and
the dependents spend some of it and save the rest.

The critical aspect of this analysis is the change in the assets of dependents,
who are the direct beneficiaries of any increase in the portion that workers
spend on life insurance, as shown in Table 7—4 and Figure 7—2. The
dependents' share of assets increases by 2.5%p from 4.4 percent to 6.9 percent.
The share of assets per dependent increases significantly, from 1.198 when the

proportion of life insurance is zero to 1.936 when the proportion of life insurance
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1s 10 percent. Dependents rely heavily on inheritance and death benefits
because they have lower wages than workers and lower social security benefits
than retirees. Dependents who have little or no property to inherit from their
workers have no choice but to live in poverty. Accordingly, life insurance 1is
necessary to eliminate these risks in the event of an employee's death and to

ensure a minimum level of assets for the dependents.

Table 7—3. Effects of the proportion of life insurance on capital and gross

return
Proportion of life Capital stock per unit of | Gross return on capital
insurance effective labor (K/XL) (R)
0.00 2.891 1.0643
0.02 2911 1.0635
0.04 2,931 1.0628
0.06 2.949 1.0621
0.08 2.965 1.0615
0.10 2.981 1.0609
A0.090 v0.003
3.00 1.065
1.0643
2.98
1.064
296 o
8 2.94 1.063 E
2 o
E 2.92 1.062 %
§ 2.90 2.89 1.061 G
2.88
1.060
2.86
2.84 1.059
0 0.02 0.04 0.06 0.08 0.10
Proportion of life insurance
——K/XL --%--R

Figure 7—1. Effects of the proportion of life insurance on capital and gross
return
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Table 7—4. Effects of the proportion of life insurance on the share of assets

Share of assets (1) Adjusted share of assets per
capita (1'/q,)
Proportion | Workers | Retirees | Dependents | Workers | Retirees | Dependents
of life (w) (r) (d) (w) (r) (d)
insurance
0.00 0.572 0.384 0.044 0.779 1.000 1.198
0.02 0.570 0.381 0.049 0.781 1.000 1.345
0.04 0.567 0.379 0.054 0.783 1.000 1.493
0.06 0.565 0.376 0.059 0.785 1.000 1.640
0.08 0.562 0.374 0.064 0.786 1.000 1.788
0.10 0.560 0.371 0.069 0.788 1.000 1.936
NV1.2%p | V1.3%p AN2.5%p
Notes: i= w (workers), r (retirees), d (dependents).
0.7
o6 0576 0.573 0.570 0.568 0.565 0.563
2 os
@ 04 - R —
”S o5 0.381 0.378 0.375 0.373 -__6.;67-0_“““0_.;57
©
&3 02
0l 0043 0049 0054 0060 0065~ 0.070
oo R Keoeerassrarnseeeen o x
0 0.02 0.04 0.06 0.08 0.10
Proportion of life insurance
—»— Workers' share of assets -=»=-Retirees' share of assets

Figure 7—2. Effects of the proportion of life insurance on share of assets
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Figure 7—3. Effects of the proportion of life insurance on the share of assets
per capita
To summarize the sensitivity analyses above, the increase in the proportion
of life insurance products purchased increases the dependents' asset share and
reduces labor supply. When the total insurance purchase expenditure is
constant, a higher percentage of workers' life insurance purchases leads to more
assets transferred to dependents, which leads to an increase in capital stock

and a decrease in total return on capital.
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Chapter 8. Conclusions

1. Summary

Unlike traditional OLG models, this study incorporates insurance into the OLG
model and analyzes insurance effects on economic agents' life—cycle behavior
and the economy. This paper studies based on Gertler's (1999) model and
mainly focuses on three issues: rederivation, modification, and development of
insurance model within Gertler's OLG framework. The contributions and results
of this study are as follows.

First, the rederivation of Gertler's model has made economic agents' decision
problems more evident, including variable labor supply. The results of the
application of the rederived model to the Korean economy are as follows.
Reinforcement of social security causes intergenerational transfer of assets,
resulting in labor supply and consumption changes for workers and retirees. In
particular, workers are greatly affected by a tax burden that changes with social
security. The increase in social security benefits has a relatively large negative
wealth effect on retirees' labor supply. In addition, it has resulted in lower
capital intensity and higher gross return on capital. As the retirement period is
prolonged, the population structure changes to the increase in retirees'

proportion. Since individuals reduce their consumption rate in preparation for
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their retirement, the total consumption to GDP ratio decreases, and capital stock
increases. An extension of the retirement age increases retirees' proportion
relatively less and mitigates changes in labor supply and share of financial
assets for both economic agents. On the contrary, the consumption—to—GDP
ratio decrements are larger than before, leading to a more considerable rise in
the capital stock than when there is only an aging effect.

Second, the modification of Gertler's model results in a more accurate formula
for risk adjustment factor and more clearly defined its role. The adjustment
factor plays a role in adjusting the discount rate in Gertler's model, and in the
proposed model, it plays a role in adjusting the transition probability. It also
makes valuations in workers' non—financial assets consistent. In Gertler’s
model, the valuation of social security wealth contains an ambiguous transition
factor, and it overestimates the steady—state value of social security wealth,
compared with the result of the proposed model. Consistency in the valuation of
non—financial assets obtained through the modified model also applies usefully
in subsequent insurance models. That is, consistency in valuations is ensured
regardless of the number of assets, making it easier to apply to the extended
model. In addition, it is found that the steady state value in Gertler's model is
slightly underestimated for the risk adjustment factor and overestimated for the
non—financial assets—to—output ratio more than in the proposed model.

Third, an insurance model based on modified Gertler's OLG model is proposed.

In this model, individuals purchase non—life insurance products as the optimal
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choice to maximize their utility, and the government provides public insurance
for losses that are not covered by partial private insurance, which is called social
insurance. Because the government requires workers to pay taxes to provide
indemnification for agents, the proportion of private or social insurance
coverage to total loss affects workers' tax burden. If the ratio of social insurance
coverage to total loss from O to 1, the percentage of total tax to GDP increases
by 4.8%p, and workers' tax burden to labor income increases by 7%p. The
advantage of the insurance model is that it recognizes losses from particular
financial events that the existing economic models do not recognize.

Fourth, a life insurance model is presented. In order to introduce life insurance,
basic assumptions about population composition and transition probabilities are
modified so that dependents can receive inheritance and death insurance
payments when workers die. The life insurance model is theoretically more
sophisticated than the insurance model in that it reflects a more realistic
population structure and asset allocation, and diversified insurance types. It is
also possible to analyze the microeconomic and macroeconomic effects of
insurance in steady—state, unlike traditional dynamic equilibrium models. As the
proportion of life insurance purchases increases, the proportion of dependents'
assets increases, and labor supply decreases. Also, if a worker dies, the total
life insurance expenditure becomes the dependent's asset, and the remaining
assets of the dependent after consumption contribute to the accumulation of

capital.
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2. Further studies

Gertler's OLG model is tractable and useful for economic analysis, but
additional problems still need to be addressed. First, it is necessary to develop
a generalized OLG model assuming heterogeneous agents with idiosyncratic
characteristics for work probability, mortality rate, wage, etc. In Gertler's model,
each generation has the advantage of being simple to analyze because
homogeneous agents represent it, but there i1s a limit to the practical analysis of
social security and fiscal policy in the real economy. Therefore, further
research is needed to build a heterogeneous agent OLG model, such as deriving
methods for estimating transition probabilities using the realistic average length
of remaining work and retirement life of heterogeneous agents.

Second, cross—country analysis should be done using the calibration method
developed to practically implement the economic analysis model. In several
countries, social security and fiscal policy have a significant impact on cross—
country macroeconomic variables, such as interest rates, capital intensity, and
labor supply, depending on the parameters reasonably estimated by the
proposed calibration method.

Third, the relationship between private and social insurance needs to be
reflected in the model more clearly and elaborately. In this study, there is a limit

that financial losses that are not fully covered by partial private insurance are
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not reflected in utility. The model addresses such financial losses by introducing
social insurance, and the demand for private insurance reduces the demand for
social insurance, so private and social insurance are substitute relations on the
assumption that a constant ratio of total losses to GDP. However, it is
controversial whether the relationship between private and social insurance is
substitutes or complements because it can vary depending on the country's
situation, such as the insurance system, policy, economy, culture, and many
other factors. Therefore, it is necessary to develop a more sophisticated model
by establishing and reflecting the relationship between private and social

insurance.
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Appendix

<Appendix A> Elastic labor supply

1) Retiree—decision problem

Maximize
VO ={IC @ 1Y + arv (A.1.1)
subject to
AL =2 A W +E -C/. (A.1.2)

Using Lagrange multiplier p, the optimization problem can be rewritten as
Re
L=V/' —y(A’+1—7A“ -W/'I' —E, +C/). (A.1.3)
Let us partially differentiate L with respect to C/, Ifand A/,. From the three

partial derivatives, l.e.

L (Y oG A1) =0 (A1)
t
8'— r\l-p ry\uvp ry(1-v)p-1 r
=T A O)(E) T DS ) =0, (A.15)
t
oL M\1-p NG r\p-1
oA =MV By G (Vi)™ — =0, (A.1.6)
+1
we have
1-1) =£2C/ /W, (A.1.7)

From (A.1.4) and (A.1.6)
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— - OV, =
o€ A1) = pr 2 vy

u=v(C)" (1~

Itr )(1—U)p (\/lr )1—p .

Applying the Envelope Theorem with parameter A",

av; oL
dA oA

From (A.10), we have

av,,

t+1 _

dA+l -

Let us guess the form of V,

=3 =30(C)7 (-

(Cl+1 vt (1_ N 1)(1_ r (Vt+1)1_

V" =(erm) " (C/)’@-1")"",

and plug (A.1.7) in (A.1.12)

From (A.1.13), we have

t+1

= (8t7zt) C (1_U

1—
(€t+17l'1+1) Ct+l uW’ U'

Placing (A.1.11), (A.1.14) into (A.1.8)

U(C )p -1 )(1 v)p _
which is rewritten as
(Cl)™"
or which 1s also expresses as

t+1

1-v

Hl )1 u]p -1

=) RLBEC)

=[Gy )(l'“’p RLAIPC/
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Itr )(1—u)p (Vtr )l—p )

(A.1.8)

(A.1.9)

(A.1.10)

(A.1.11)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)

(A.1.16)

(A.1.17)



where o=1/(1-p) and W, =&W,.
Next, let us guess a solution of the form:
Cl =gm (A +H +S]). (A.1.18)
Check that
Cly =&y (B2 A +HL +S0). (A.1.19)
Placing (A.1.18), (A.1.19) into (A.1.17), we obtain
Eua (B A HE + ST =[G R A1 e m (A +H +80). (A1.20)
Now, substituting (A.1.13), (A.1.14) into value function (A.1.1), and replacing
cr

t+1

to the form of C/ using the relation (A.1.17), then we obtain

(&) C Gor P =[C! Gor Y+ rl(sam,) (( )(l PR.LB)C! (G 1 (A1.21)
which can be written as
(gt”t) _1+[( )l "R 113 7/(gt+17[t+1) (A.1.22)

Eq. (A.1.22) is also expressed as

em, =1- [(Wr YR By o (A.1.23)

St

From (A.1.23), we have

Sl = [( )1 "Rl 1ﬁ rem | 1-¢gm,). (A.1.24)

To confirm a solution for the value function, conjecture that

V' =AL(C) A-1 ) = A (C)” 1Uw;';)1'“ . (A.1.25)

Then, to obtain an expression for A[, substitute the conjectured solution for
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V," into the objective to obtain

1/ p

ALC () [{c () }p+ ,B;/{ Gl (e )“’ﬂ . (A.1.26)

Here, placing (A.1.17) into (A.1.26), (A.1.26) can be rewritten as
(are; syl =lor ) + ,B}{ LGOS R L “T. (A.1.27)
Thus, applying that op+1=0 and op=0-1, we have
(A = 1+[( )1_") R B7r(AL) - (A.1.28)
Now, checking that (A.1.28) is identical to (A.1.22), we obtain
A =(em) 7 (A.1.29)
Thus,

VI = (am) T Cl(ER) . (A.1.30)

2) Worker—decision problem

Maximize
={[C) -1 + Al + -, 1) (A.2.1)
subject to
AL =RAY+W, 1" -C, (A.2.2)
where W, is after—tax wage.

Using Lagrange multiplier u, the optimization problem can be written as
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L zvtw _/U(th + Avil - RtAW -W, ItW) .

Let us partially differentiate L with respect to C", I" and A", .

three partial derivatives, 1.e.

acw = p(CY ) =0,

aIW_ =) Q- 0)(C")” A=)+ W, =0,

—(Vt )V + (- o)V, +1]”_1ﬁ(wav”+(1 w)av”) u=0,

aAJrl
we have

1-17 =£2Cr W,
From (A.2.4) and (A.2.6)
o(C) A1) =[aV S + L= @)V 1ﬂ(a)av‘“r(l ) av“)
1= D(CY A ()

Applying the Envelope Theorem with parameter A",

vy oL

= iR =0(CY" L) ()R

From (A.2.10), we have

A

8'6& = (Ct+l - 1(1_ |t+1)(liu)p (Vtv+vl)17p Rt+1 .
+1

Let us guess the form of V" is analogous to the form of V/

V= () () -1 = () PO B
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(A.2.3)

From the

(A.2.4)

(A.2.5)

(A.2.6)

(A.2.7)

(A.2.8)

(A.2.9)

(A.2.10)

(A.2.11)

(A.2.12)



From (A.2.12), we have

t+1 (7Z-t+1) Ct+1 1)170 ’ (A213)
t+l (8t+177t+1) Ct+1( 1751 )17U . (A 1 . 1 4)
Note that
dvtil vp-1 (1-v)p i \1-p .
N o(Cl )7 A1 )E7 (VI )R, . forj=w,r (A.2.14)

Placing (A.1.14), (A.2.13) and (A.2.14) into (A.2.8), then,

D(CYE) 7 =[(E) T eo(m,) 7 Cy + Q- w)(etﬂm) Cm(w“)l‘ I

xﬂRHlU(W”)l U[a)(”tﬂ) o +(1- a))( ) Y. +1) ]

(A.2.15)

Simplify the (A.2.15)

(€7 =) [eCl + (- o)(a) CLl( VYT AR+ (- @) () (& &) "1

(A.2.16)

Let us define that &= W“ c =3 and o=1/(1-p)
Q. =o+0-0)e,) 1. (A.2.17)

Then, (A.2.17) is rewritten as
oC!ly +(L- ) y(5,,)7Cly = [(%)1‘“]"’1(RMQM/)’)"QW. (A.2.18)
Now, let us guess a consumption solution of the form:

C'=m(RA"+H"+S57), (A.2.19)
Cia = ma (R AL +HE +50) (A.2.20)

Applying (A.2.19), (A.2.20), (A.1.19) to (A.2.18), then we have
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”t+1[a)(Rt+1A+1 + Htvil + Stvj-l) +(1- (0)(‘91+1)1 ’ Z( At+1 + Htr+1 t+1)]

(A.2.21)
_[(WI " 1_0]0_1(Rt+1Qt+1:B)67[t(R1A\ + Htw + St )

Now, placing (A.2.12), (A.2.13), (A.1.14) into value function (A.2.1), we obtain

()7 G ()1 =[C! )Y+ Blolm) 7 Gl i)™ + W= 0)em) 7 ClaGa)™ Y

(A.2.22)

which can be written as
(7)™ =1+ B{ G [eCYly + (1~ 0) Z(gtﬂ)wctﬂ]/CW} () (A.2.23)

and placing (A.2.18) into (A.2.23). Hence, we have

=1-[G) " RuQ, B (m | 7). (A.2.24)

From (A.2.24), we have
o =@ RuQ I B[ | 1= m)]. (A.2.25)

To confirm a solution for the value function, conjecture that

VY =AMC) A=) = AfV(CtW)“(i\‘N—‘:)l’” . (A.2.26)

Then, to obtain an expression for A/, substitute the conjectured solution for

V" into the objective to obtain

M) =| () + Blont Gl G

(- w)ALCH (S

t+1

= }TP. (A.2.27)

Here, placing (A.2.18) into (A.2.27), (A.2.27) can be rewritten as

P

(avery) (e + ﬂ{ M[(%)‘H”’ RMQHlﬂTCtW(;N;:)”'”’} . (A.2.28)
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Thus, applying that op+1=0c and op=0-1, we have
(ar) =141 )" R QT (ALY (A.2.29)
Now, checking that (A.2.29) is identical to (A.2.23), we obtain
A =(m)7" (A.2.30)
Thus,

V= (m) ). (A.2.31)
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<Appendix B> Insurance model

1) Retiree—decision problem

Maximize
r ryv ryv ryl-o-v r v
Ve ={IC ) @1+ prv)) (B.1.1)
subject to
Ar+1:%p&r+wtr|tr +E _Ctr_ltr ptr. (B.1.2)

Using Lagrange multiplier ., the optimization problem can be rewritten as
L=V, —u(A, -2 A =Wl —E +C +1{p]). (B.1.3)
Let us partially differentiate L with respect to C/, I/, || andA,,. From the

four partial derivatives, i.e.

8a(|:—r :(Vtr)l—pU(Ctr)up—l(ltr)vp(l_|tr)(l—u—v)/3 —u =0 , (B14)
t
aL ryl-p ryop=lgyryvwp-1 ry(1-v-v)p r
= VO E ) ) — =0, (B.1.5)
t
aL r\l-p e I\ ry(l-v-v)p-1 r
==V @m0 =v)CD) T D A=) i =0, (B.1.6)
t
aL rl-p My ryp-1
aAr z(\/t ) ﬂﬂ/m(\/t+l) _/u:O) (B-1-7)
+1
we have
Ipe=+C/, (B.1.8)
1-1 ===Cl /W (B.1.9)
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From (B.1.4) and (B.1.7)
o€ (1) W= 7 = fy 2 (),
u=0(C)" (1) @IS )
Applying the Envelope Theorem with parameter A',

AR
dA oA

From (B.1.12), we have

Vi _

= G L) A K )

Let us guess the form of V'
V= (e m) P (CH 1) A1),
and plug (B.1.8), (B.1.9) in (B.1.14), then
V) = (e, m) PO () (B,

From (B.1.15), we have

- 1-
t+l (gt+l7z-t+1) Cl+1 vply ) Lo V)( . V)

Placing (B.1.8), (B.1.9), and (B.1.16) into (B.1.13)

ov' . e
— %U(u[‘;l) Lo V)(l . V)(8t+l7zt+l) "

aA +1

Substituting (B.1.16), (B.1.17) into (B.1.10)

(€))7 A= = AR () ICLL (G

which 1s rewritten as
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= ue=20(C) (1) A1) ()

(B.1.10)

(B.1.11)

(B.1.12)

(B.1.13)

(B.1.14)

(B.1.15)

(B.1.16)

(B.1.17)

v v—v\1-o-vyp-1
) ()T, (B1.18)



Clo =[G )(1'“ (- - S)PRAAITC (B.1.19)
where o=1/(1-p) and W, =£&W,.
Next, let us guess a solution of the form:
Cl=em(EA +H +S -Z)). (B.1.20)
Check that
Cla = e (52 Al + HU + 80, - Z0). (B.1.21)

Placing (B.1.20), (B.1.21) into (B.1.19), we can obtain

Ea” +1[ SA L +HHL S -20)]= [( )(l_v V)p( B )Vp R..AI & ﬂ'[ A +H +S -2/,

(B.1.22)
Now, placing (B.1.15), (B.1.16) into value function (B.1.1), then
[(e, ) C (4 ) (l_” L)Y =[C (X ) (1_” Y+ Brl(eam) Cm o V)l‘”'v]p.
(B.1.23)

Replacing C/,, to the form of C; using the relation (B.1.19)

[(e,7) 7 Cl () (s )
=[O () ()Y + Brl(e ) (D7 (E) 7R 1B) Cl () () 7,

(B.1.24)

which can be written as
(gt ﬂ-t) _1+[( )1 . V( p‘ ) RI+1]6 1ﬂ 7(gt+1ﬂ-t+l) ’ (B125)
& =1-[(G )1‘“ "G ) R, 17 f7y—22, (B.1.26)

17
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From (B.1.26), we have
e =[G GO RGBT (B.1.27)

and multiply both sides by the same equations as R,;(1-¢, ﬁt)(% A +H/+S -Z]),

and then we have

gt+1ﬂt+1[RI+l(1_gt ﬂt)(% Af + Htr + Str _Ztr)]
W \1-v-v 7 P{ \vo-1 o R, r r r r (B128)
:[(WL) (?il) I (RuuB) re, ”t(TtA +H +5/ -Z)).
Here, note that the RHS of (B.1.28) is equal to the product of y and the RHS
of (B.1.22). Hence,

Rau@-& )G A +H +8 ~Z))=y(C2 AL +H, +5[, - Z],), (B.1.29)

ie.
Q- m)EA +H +8 =Z)= A, +2=(H{, +S, - Z(,). (B.1.30)

It is also possible to express the LHS of (B.1.30) as

(- m) A +H +S -Z))

(B.1.31)
= (% A +WIT+E -C/ =1/ p))+(H -W/I[)+ (S —E,)-(Z] —1]p{).
Then, from (B.1.30) and (B.1.31), following equation holds
Ao rr i+ S = Z1) (B.1.32)
= (% A +WIE+E —-C =1 p))+(H W)+ (S —E,)—(Z/ —1]p{).
It is obvious that from (B.1.2)
AW +E —Cl -1l = A (B.1.33)
Thus, we obtain
ey (Hi+ 86 = Z0) = (H =W + (8 -E ) - (Z] -1 p), (B.1.34)
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Le.
H +S{ =Z{ =W/'l{ +E, —I{p{ + = (H{, +S{, = Z{,) . (B.1.35)

It is not necessary that the following equations

=W+ HY, (B.1.36)
S{ =E +#-5.., (B.1.37)
=1pl+ 20, (B.1.38)

hold true. Eq. (B.1.35) is applied to derive aggregate demand, supply and steady
state endogenous variables. But, it is convenient to use equations (B.1.36),
(B.1.37) and (B.1.38) for calculation.

To confirm a solution for the value function, conjecture that
=ALC) () @=1) = ALC) () (). (B.1.39)
Then, to obtain an expression for A!, substitute the conjectured solution for
V," into the objective to obtain

)(l—u V) } Tp

(B.1.40)

TG () = el () sl

Here, placing (B.1.19) into (B.1.40), (B.1.40) can be rewritten as

{AC (= ) (l—u v (d-o- v)}

—lerey e W“@+w[mh R Bl ) (B VWT.

(B.1.41)

Thus, applying that op+1=0c and op=0-1, we have
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(A =1+ [GO GO Rl A7 (AL (B.1.42)

Now, checking that (B.1.42) is identical to (B.1.25), we obtain

Al =(s,m) " (B.1.43)
Thus,
Vi =(am) " Ol ). (B.1.44)
2) Worker—decision problems
Maximize
wyl-v-v w r 1/
VU ={IC) (1) A=Y + Bl + Q- oV LY (B.2.1)
subject to
AL =RA"+W I -C" = 1"p, , (B.2.2)

where p, is insurance premium for basic benefit and W, is after—tax wage.
Using Lagrange multiplier u, the optimization problem can be written as
L=V" — (A, -RA"-W, 1" +C" +1"p,) (B.2.3)
Let us partially differentiate L with respect to C", I, I¥ and A!,. From the

four partial derivatives, i.e.

oL

el — (VtW)lpr(CtW)upfl(ltW)vp (1_ |tW)(l—u—v)P —u= 0 , (B24)
t
aL wyl-p wyvp-1 g wyvp-1 wy (1-v-v)p
Y ="y v(CHTAN) A1) —up, =0, (B.2.5)
t
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oL

alt
—(Vt )V + (- oV, flos ﬁv“ S+ (1-0) 5
6A+1
we have
Itw P :%th’
1-1Y =222 Cr W, .

From (B.2.4) and (B.2.7)

O(C)7 1) =R <[V + Q- oV, ) A0 FE + - 0)

=0 (Y1) A= )

Applying the Envelope Theorem with parameter A",

avy oL
dA" oA

From (B.2.12), we have

A
8A+1

Let us guess the form of V" is analogous to the form of V'

VtW — (ﬂ,t)*% (CtW)U (ItW)v (1_ ItW)l—L)—v ,

and plug (B.2.8), (B.2.9) in (B.2.14), then

V= () PO () ()

1
Vtr = (5t ﬂt) g Ctr (ULp{)V (1;\1,)\,?/)(1707‘/) .

From (A.2.15) and (B.2.15), we have
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=V Q-0 =)CEY ()7 @1, =0,

= iR =0(CIY" 1) A1) ()R

(Ct+1 vt ( It+1 ” (1 - Itvi1)(l_U_V)p (Vtv+vl)1_p Rt+1 .

(B.2.6)

(B.2.7)

(B.2.8)

(B.2.9)

(B.2.10)

(B.2.11)

(B.2.12)

(B.2.13)

(B.2.14)

(B.2.15)

(A.2.15)



Vi = (7)) Ct+1 Up“) (1U_WUII/)1_U ! (B.2.16)

t+l (gt+1 +1) Ct+1 ) (1 s V)(l ) . (B217)

Using (B.2.8), (B.2.9), and (B.2.16), (B.2.13) can be written as

8VW v —0v-V) -2

St =R G () (B.2.18)
A+1

6Vi 1 v\ (Lo-v)Ud-o-v -

8At+i = R"7+l)(FM) iwj) ) (gt+17z-t+l) ’ (A.2.17)

and placing (A.2.16), (A.2.17), (B.2.16), and (B.2.18) into (B.2.10), then,
o(C")" (R, Groye
=(GGo) (5= lv)(l_u N eo(r,,) 7 Ct+1+(1_a))(gnlﬂnl)ipctrﬂ(@)v(W[_ﬁ)(l_u_‘/)]p_l (B.2.19)

<BRL(G) () (m) 7 + (1= 0) () (5 (6 m ) )

Simplify the (B.2.19)

(O =G GV Tl (e L T

(B.2.20)
“BR [0+ (1 0) £ () (%) (5,,) 7 1.
Let us define that = p”l and &=
=)@,
Q. =lo+1-0); («9H1) . (B.2.21)
Then, (B.2.20) is rewritten as
oCly + (- o) x(6,,) " Cly = (£ ( )1‘” ") (R P)C. (B.2.22)
Now, let us guess a consumption solution of the form:

C'=rn(RA"+H"+S"-2") (B.2.23)
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Check that

t+1 ”t+1(Rt+1A+1 + Htvj—l + Stv+v-1 Zlv-vv-l (B.2.24)
Ctr+1 =&ulin (% Ar+1 + Htr+1 + Str+1 - Ztr+1) . (A.2.22)
Applying (B.2.23), (B.2.24) and (A.2.22) to (B.2.22), then we have

ﬂt+1[a)(Rt+lA+1 + Htvil + Stvil t+1) +1- a))(ng)l ’ Z(Rt - Au + Htr+1 + Str+1 tr+1)]

(B.2.25)
T () T (R, B) m (R AT + HY +57 2,

Now, placing (B.2.15), (B.2.16), (B.2.17) into value function (B.2.1), then

[(z,) "C" () (™)
=[C (Upl) (1—u 1)1 + Bl Tpq) Ct+1 - 1) 1;Nulr)1 VYA 0)(,7m.,) CHl vy ]_—u_—v)lﬂ)ﬂ/]p.

VPl oWy

(B.2.26)

which can be written as

(ﬁt)’1:1+ﬂ{ Y (Y [wCy, + (- ) 2(6.,,) C 'ﬂ]/c:tW}T (r.)"  (B.2.27)
and placing (B.2.21) into (B.2.27). Hence, we have
7 =1-1G) ) R A7 (B.2.28)
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From (B.2.28), we have

T =[G GO RLQ T B 1 - 7) (B.2.29)

and multiply both sides by the same equations asR,,Q,.,(1-7)RA"+H"+S"-2"),

and then we have

7Z-t+l[Rt+1Qt+1(1_ ”t)(RtAW + Htw + Stw - th)]

(B.2.30)
=[G ) TR T (RA" +H! + 8" = 7).

145



Here, note that the RHS of (B.2.30) is equal to the RHS of (B.2.25). Hence,

Rt+th+1(1_ ”t)(RtAW + Htw + StW — ZtW)

w w w w =~ R r r r r (B231)
=[@(R AL +HIL + S50 —Z20) + (- o) (&)™ Z(T+1 Aa+Hi + 56 —Z0)]

ie.

(1_7Tt)(R1A\W + HtW + Stw - ZtW)

o) L(a ) (B.2.32)
= ﬁ (Rt+1A\+1 + HtV\-:-l + Stm-:-l t+l) + T;;(RwlAﬂ + Htr+l + Str+l - Ztr+1)]'

Using (B.2.21), (B.2.32) can be rewritten as

l_ w HW SW_zW
@-7)(RA" + +W : ) ) S (B.2.33)
F\’t+l Q“l (R1+1A+l + Ht+l + St+1 Zt+l + ﬁ(l_ i)(RHlAJrl + Ht+l + St+1 - Zt+1)]'

It is also possible to express the LHS of (B.2.33) as following:
L-7)(RA"+H"+S5"-2") (B.2.34)
=(RA"+WL" -C" —1"p, )+ (H" —W,I") + (5" -0) - (Z," = 1" p, ).

Then, (B.2.35) holds and
w WIW_CW_IW HW_ W SW_o_zW_IW

(RtA + P )+ ( ")+ ( ) —( P) (B.2.35)

RHl QHI (Rt+1A+1 + Htv-\(-l + Stv-\(-l Ztvavfl R(+1 (1 QM)(R1+1A+1 + Htr+1 + Str+1 - Ztr+1)]v

which implies that the worker’ s wealth at the end of time t after cash flows
have occurred becomes either the worker's wealth or the retiree's wealth at the

end of time t +1 and that the discounted risk—adjusted work probability

! o (B.2.36)

Rl+1 th

will play a role in the valuation of worker’ s human wealth (nonfinancial asset)
ie. H"+S"-2", and the discounted risk—adjusted retirement transition

probability
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R — (B.2.37)

Rt+1 QHl
will be used when the worker goes from work at time t to retirement at time
t+1.

It is obvious from (B.2.2) that A", =A’

+17

RtAW +Wt|tw _th - ItW P =5 Avil + (1_ﬁ)Ar+1' (B.2.38)

T+l

Thus, we obtain

o (HL +S5 -2 +ﬁ(1_ﬁ)7(Htr+1+Str+1_Ztr+1):(Htw"'stw_ztw)_wtltw+ 1P, -

Rz O
(B.2.39)
It is not necessary that the following equations
H =WI" +g- g H + - -2 rH (B.2.40)
S =rras St (L-a2)rSla, (B.2.41)
2 =1"p +gran Lt U=g2)r 2y, (B.2.42)

hold true. Eq. (B.2.39) to derive aggregate demand, supply and steady state
endogenous variables. But it is convenient to use equations (B.2.40), (B.2.41)
and (B.2.42) for calculation.
To confirm a solution for the value function, conjecture that
V=AM CH 1) A1) =AY (CtW)“(i)” (i\;—:v)(l"”"v) . (B.2.43)
Then, to obtain an expression for A/, substitute the conjectured solution for

V" into the objective to obtain
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AC () ()

p p VP
W¢ vy \V (1-v—v\{1-0-v w w v \V (1-v-v\{1-0-v r r v \V (1-v-v\{1-v-v
=[{Ct () ) 4 Blan,Cl () (52 ) 4 (- )AL CLy () (5 H

VP vP
(B.2.44)
Here, placing (B.2.21) into (B.2.44), (B.2.44) can be rewritten as

P
{arcy 2y (e

P o P
={erey e +ﬂ[AL{%>“W(%)VP Roauff) ctW(ﬂ(z;;—ﬁ)““”}

(B.2.45)
Thus, applying that op+1=0c and op=0c-1, we have
(AY) =14 () Rl A7 (AL (B.2.46)
Now, checking that (B.2.46) is identical to (B.2.47), we obtain
A =(z)7 . (B.2.47)
Thus,
VY =(z) 7 CY () (), (B.2.48)
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<Appendix C> Life insurance model

1) Retiree/Dependent decision problems

Maximize
VI ={IC) (1Y @K + By} (€LY

subject to
il:f_;AJ' +Wtj|tj+Etj_Ctj_|tj ptj’ (C.1.2)

where j=r (retiree) or d (dependent)
Using Lagrange multiplier g, the optimization problem can be rewritten as
L=V, — (A, - A =Wl —EJ +CJ+1)p)). (C.1.3)
Let us partially differentiate L with respect to CJ, I/, I) andAl,. From the

four partial derivatives, i.e.

()Y A=) =0, (C.1.4)
t
oL Nl-p NS RA Y " @-v-v)p i
= (G 1))~ apd =0, (C.1.5)
t
oL Nl-p e iye (@-v-v)p-1 i
ﬁ:_(\/t) A-v=v)(C)”(1/)”A-1) + W' =0, (C.1.6)
t
oL iVl-p VIR
PN =) Br; Al (Vi) —u=0, (C.1.7)
A+l "
we have
Itj ptj :%Ctj ) (C.1.8)
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1-1) ===Cc)/w! .
From (C.1.4) and (C.1.7)

U(Ctj )vpfl(|tj)vn (1_ |tj)(1fus)p - ﬁ 0V1 1 (Vt+1)p -1

J aAl
1= U(Ctj )Up—l( |tJ' )VP (1 _ |tJ' )(1—U—V)p (th' )l—p )

Applying the Envelope Theorem with parameter Aj ,

dvj oL j \vp- i\ jy(d-vo-v i\1-
dAtj :a_Ajzﬂ%zf_;U(CtJ) (B M R VA o

From (C.1.12), we have

6V v, v ~v-v j \1-
8AH1 =20 0(CLy) (1) A= 117 (Vi)

Let us guess the form of V!
V) =(glm) P (C))(10) @a-1)
and plug (C.1.8), (C.1.9) in (C.1.14), then

=(&/m) 7l () ().

op!
From (C.1.15), we have

L) 1-v- v)(l_U v) .

opdy

t+1 (gt+l7zt+l) Ct+1

Placing (C.1.8), (C.1.9), and (C.1.16) into (C.1.13)

YA

— kl)( v )V l—v—v)(l—v—v) (8j e )—1’7/’
5AJ’ 7j Py oW, t+17¢t+1
+1

Substituting (C.1.16), (C.1.17) into (C.1.10)

o(C)7 (1) @=1) 7 = BR () (55 ICL () (55 ™ T
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(C.1.9)

(C.1.10)

(C.1.11D)

(C.1.12)

(C.1.13)

(C.1.14)

(C.1.15)

(C.1.16)

(C.1.17)

(C.1.18)



which is rewritten as
(L) =G ()" RBC)) ™, (C.1.19)
Cli= [(WJ o M L )V” R..A1°C! (C.1.20)
where o=1/(1-p) and W' =&W,.
Next, let us guess a solution of the form:
Ctj=gtjzrt(7R‘—JAj+Htj+Stj—th). (C.1.21)
Check that

Ctj+1 t+1 +1(RHl : +Htj+1+StJ+1 th+1 (C.1.22)

Placing (C.1.21), (C.1.22) into (C.1.20), we can obtain
&l t+1[Rt;1 LR +SL -Z0)]= [( )(1 . V)p( )Vp R.AY & ﬂ-t[R‘ A +(H +S! -z

(C.1.23)

Now, placing (C.1.15), (C.1.16) into value function (C.1.1), then

(o) Cl ) ()™ Y =[C! () ()1 + By l(elm) () ()Y

op} vp{ oW,

(C.1.24)
Replacing C/, to the form of C/ using the relation (C.1.20)

[&/7) " Cl2

_[CJ(

) ()
) (e V)”V]Mﬁy,[(emﬂ) () (B 7R 1B)CH ) ()Y

op!

(C.1.25)

which can be written as
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(Etj 7T, )_l =1+ [(\A\%l)l_u_v (%)V Rt+1]o—_1ﬂ07/j (gtj+177t+1)_1 ) (C.1.26)

aim =1 (BRI B (€.1.27)

j ol
Velama

From (C.1.27), we have

elm =[G B R By (C.1.28)

i (1-&lm) ’

and multiply both sides by the same equations as Rm(l—etjﬁt)(f—; A +H)+8)-2)),

and then we have

R Q- sl )& A +HI+8) ~Z))]
; ; _ _ S (C.1.29)
= [(%)1"” G T (RAB) 78l G-A +H/+8/-Z)).
Here, note that the RHS of (C.1.29) is equal to the product of 7 and the RHS
of (C.1.23). Hence,
Rau(-&!m)GA +H! +8! -Z)) =y, (22 Al +HL, +8L, - ZL), (C.1.30)
i.e.
(1—ggnt)(;ﬁj A +H +8)-Z))=Al +2-(H), +5),-Z))). (C.1.31)
It is also possible to express the LHS of (C.1.31) as (C.1.32).

(:I-_gtjﬂ't)(;ﬁj Aj + Htj + Stj - th)

_ o i _ o _ o _ _ _ o (C.1.32)
= (AT W ) —CF - 17 pl) + (H) -WII) +(S) — )~ (Z) -1/ p)).
Then, from (C.1.31) and (C.1.32), following equation holds
j+1"'%(Htju"'Stj+1_ztj+1) (C.1.33)

= (% A\j +Wtj|tj + Etj _Ctj - Itj ptj)+ (Htj _Wtjltj)+(stj - Etj)_(ztj - Itj ptj)'

It is obvious that from (C.1.2)
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R /_\J FWIL +EJ—Cl = 1ip) = AL (C.1.34)
Thus, we obtain

%(Htjﬂ +Stj+1 t+1) (HJ \thltj)"‘(stj - Etj)_(ztj - Itj ptj) , (C135)

H! +8! -z} =W/I'+E! -1/ p! +g-(H}, +S}, -2/, (C.1.36)
It is not necessary that the following equations
HJ—W’I‘+ H.., (C.1.37)
=B/ +258l, (C.1.38)
z)=1/pl +g-2),, (C.1.39)

hold true. Eq.(C.1.36) to derive aggregate demand, supply and steady state
endogenous variables. But, it is convenient to use equations (C.1.37), (C.1.38)
and (C.1.39) for calculation.

To confirm a solution for the value function, conjecture that

=AN(CH (1) @=1) " = AN(C)) () (B )‘1-“ " (C.1.40)

vp!
Then, to obtain an expression for A, substitute the conjectured solution for

V) into the objective to obtain

1/ p
AJCJ(UPJ) = V)(l_u D= |:{CJ(U‘F;J) 1;\1,\),1V)(1_U V)} +ﬁ7/1 {Atj+1CtJ+1 UF‘)/(J ) v V)(l_u V)} :|

(C.1.41)

Here, placing (C.1.20) into (C.1.41), (C.1.41) can be rewritten as
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{ ch( v) 1—u_—_v)(lfvf\/)}p

op ] UWIJ

{WW>H0“”ﬁ+m{tJ()WV% L) RuBf Cl

Thus, applying that op+1=0c and op=0c-1, we have

(A)) = 1+[(W, )& V)( B ) R8Ty (ML)
Now, checking that (C.1.43) is identical to (C.1.26), we obtain
Atj = (5tj7[t)7
Thus,

th:( ) CJ( )Y 1uv)(1—UV)

opd

2) Worker decision problems

Maximize

L (A (KO i LR 78 12 VAR R VA
subject to

A"il:R[AW +W, ItW_CtW_Itht )

where p, is risk probability and w, is after—tax wage.

\4
opd

s ]

(C.1.42)

(C.1.43)

(C.1.44)

(C.1.45)

(C.2.1)

(C.2.2)

Using Lagrange multiplier 4, the optimization problem can be written as

:Vtw _,U(Avil - RtAW -W, Itw +th + Itw P )
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(C.2.3)



IW

Let us partially differentiate L with respect to C", I, I and A",. From the

four partial derivatives, i.e.

oL
oc

— (VtW)lfp U(CtW)up—l( ItW)vp (1_ IIW)(lfufv)p —u= O ’

aL wyl- W\ vp— W\ Vo wy (1-v-v
S = N VC) ) A~ ap, =0,
t

al— wyl- W\ Uy W\ V wh (I-v-v) p-
al_wz_(vt )1p(1_U_V)(Ct)p(|t)p(l_lt )(1 )pl+luvvt :O’
t

oL
8A+1

— )TN + A= oV o 2+ (- @) 2] - =0,

we have
w w
It P Z%Ct )
W 1-p— w
1—|t —%Ct /Wt .

From (C.2.4) and (C.2.7)

DCY ™I A=K <[ + A= NG B (05 + - 0) 52

U= U(CtW)up—l(ItW)vp (1_ ItW)(l—u—v)p (VtW)l—p .
Applying the Envelope Theorem with parameter A",

v oL

_ _ wyvp-lrpwyvo (4 _ w\(@-o-v)p wyl-p
dAW_aAW_IURt_U(Ct) (It) (1 It) (Vt ) Rt

From (C.2.12), we have

aVY W \Up— W \V w —0—V w -
= (G ()7 A ) R
+1

Let us guess the form of V" is analogous to the form of V'
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(C.2.4)

(C.2.5)

(C.2.6)

(C.2.7)

(C.2.8)

(C.2.9)

(C.2.10)

(C.2.1D)

(C.2.12)

(C.2.13)



VtW — (ﬂ,t)*% (CtW)U (ItW)v (1_ ItW)l—L)—v ,

and plug (C.2.8), (C.2.9) in (C.2.14), then
—(ﬂ't) C (Upt) (1—U v)l—u v
:(gtfﬂ.t)_%ctr (ULp{)v (]_;\/Uv_:rv)(l—u—v) )

From (C.2.45) and (C.1.16), we have

1-
t+1 ( +l) Ct+l upll) (IUWU”V) o

_) 1l-v- v)(l—U V)

t+l (€t+l7z-t+1) Ct+1 OPLy

Using (C.2.8), (C.2.9), and (C.2.16), (C.2.13) can be written as

aVtv+vl 1-v-v\(@-v-v) -2

8A+l = RI+1 (upl 1) Wi ) (ﬂt+l) ! ’
6Vt:1 Res: V(- ~0-v) -7
8A+1 = 7_rl U(#M) #) (gt+17zt+l) g

(C.2.14)

(C.2.15)

(C.1.15)

(C.2.16)

(C.1.16)

(C.2.17)

(C.1.17)

and placing (C.1.16), (C.1.17), (C.2.16), and (C.2.17) into (C.2.10), then,

o(C)Y G G

- (( Pt 1) (l;\;juv)(l . "))P 1[w(7[t+1) C:t+1 +(1 w)(8t+l7z.t+1) Ct+1(pt+l) (Wm)(l . V)]p -

PRy (G () No(m.,) * +1-0)+ (B G
Simplify the (C.2.18)

€)Y = () ) [eC +(1—w)(8t+1)7CL1(%)V(%)‘“’”]p’l

PR rulo+ L= o) 2 (E2) () e ]
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gt+17rt+l) ]

(C.2.18)

(C.2.19)



Let us define that 7, = Ptﬂ and & = :1 ,
7=y
Q=1 lo+1-0)5 (8t+1) Z 1 (C.2.20)
Then, (C.2.19) is rewritten as

oCly + (1= 0) 7, (6.,1)" Cly = (5 ) GE)Y )T (RLA)C! . (C2.21)

Prsa

Now, let us guess a consumption solution of the form:

C'=m(RA"+H"+S"-2/"). (C.2.22)

Check that
Ci =T (R AL +HE + 50 -2 (C.2.23)
Cly = &t CE A +HL, +80, —Z0,). (C.1.22)

Applying (C.2.22), (C.2.23) and (C.1.22) to (C.2.22), then we have

1 R+
TR AL +HE + 85 - Z5) + - o)(el)™ 1, - Aa+HG+S0 =20

Wi \1-o-v 7 Py \v1o-1 o w w w w (C.2.24)
=[70) ") T (RLQA) 7 (RAT+H+ 8" =Z).
Now, placing (C.2.15), (C.2.16), (C.1.16) into value function (C.2.1), then

[(m)’%c%)v e P S [CF () ()
(C.2.25)
+ﬂ7/W[a)( +1) Ct+l upll) (1_U V)l o +(1 a))(gt+1 +1) Ct+l ) (l_u V)l Uiv]p,

which can be written as

(%) =L+ By () () [t + - 0) 7, (el ) Gl CY) (m0) " (C.2.26)

and placing (C.2.20) into (C.2.26). Hence, we have
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7 =1-[9) GO R I By 7 (C.2.27)

From (C.2.27), we have
7ea =) GO R By | (L= 7). (C.2.28)
and multiply both sides by the same equations asR Q. ,(1-7)RA"+H"+S"-2"),

and then we have

ealRa2, A= 7)(RA"+H" +8" -Z")]

W, (o) pe \ o1 o w w w w (C229)
:[(Wtﬂ) (?il) 1 (Rt+1Qt+1ﬁ) 7/w7[t(RtA +H"+S" -2, )-
Here, note that the RHS of (C.2.29) is equal to the product of y, and the RHS

of (C.2.24). Hence,

Rt+1Qt+l(1_ ﬁt)(RtA\W + Htw + Stw B th)
= Vwlo(Ro AL +HE + S0 —Z0) + (- o) (g,)" 1, (Ry[_:l A+ HG+SL - 201

ie.
A-7)RA"+H"+S"-2")

1
Yw (1—60)%(5”1)1’“

W Xr
= Rt:;zl:ﬂ (Rt+1p\v11 + Htv-\:—l + Stvil - Ztvil) + ReaQun (Rt+1'6\r+1 + Htr+1 + Str+l - Ztr+1)]'

(C.2.30)

Using (C.2.20), (C.2.30) can be rewritten as

QA-7)RA"+H"+S"-2")
= Rtl+1 g:j (Rt+lA\VJ\:1 + Hth\:l + Stvil B Ztvil) + ﬁ (1_ g:i))(RHlArJrl + Htr+1 + Str+1 B Ztr+1)]-

(C.2.31)

It is also possible to express the LHS of (C.2.30) as following:
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A-7)RA"+H"+S"-2")
= (RtAW +Wt|tw _CtW - Itw pt )+ (Htw _thtw) + (Stw _O) - (th - ItW pt )

(C.2.32)

Then, (C.2.33) holds and

(RA"+WIL"-C"—1"p,)+(H" -WIL")+ (5" -0)—(Z," - 1"p,)
= ﬁ S}/!V:j: (Rt+lA\+l + HtVJ\:l + Stvil tvil) +trT RHl (1_ g:i))(RtJrlAJrl + Ht+1 + Str+1 tr+l)]'

(C.2.33)
which implies that the worker's wealth at the end of time t after cash flows have
occurred becomes either the worker's wealth or the retiree's wealth at the end

of time t +1 and that the discounted risk—adjusted work probability

L 7w (C.2.34)

RI+1 Qu—l

will play a role in the valuation of worker's human wealth (nonfinancial asset)
Le, H'+S"-Z", and the discounted risk—adjusted retirement transition
probability

(-2 (C.2.35)

QHl
will be used when the worker goes from work at time t to retirement at time
t+1.

It is obvious that from (C.2.2) and A, =A,,

RA"+WI"-C" -1 ywai AL+ (-2)AL,. (C.2.36)

l+1

Thus, we obtain

o (Htvil + Stvil I+l) +5- (l yww)7/r (Ht+l + Str+1 tr+1) = (HtW + StW - ZtW) _thtw + ItW Py

R1+1 Qt +1

(C.2.37)
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It is not necessary that the following equations

w w 1 Tw® w
HY =W 4+ 122 Y

Rip Qg 1L

+ﬁ(1_%)7rHtr+1’ (C238)

S = Fetl+1 g:i Sy + ﬁ(l_ Q:Z)%Stru ) (C.2.39)
Z"=1"p, + Ril g:: z" +t(l— g:j)yrzt:l. (C.2.40)

hold true. Eq. (C.2.37) to derive aggregate demand, supply and steady state
endogenous variables. But it is convenient to use equations (C.2.38), (C.2.39)
and (C.2.40) for calculation.

To confirm a solution for the value function, conjecture that

V= ATCEY (1) @) = AY(CEY () (), (C.2.41)

Then, to obtain an expression for A/, substitute the conjectured solution for

V" into the objective to obtain

AVC (Y ()

r
UPra

_ W oy \V (l-v-v\(1-v-Vv) r w AW v_\V (l-v-v\(1-v-v) r r v_\V (1l=v-v\(1-v-v) . v
=G (K) (W) + B AL Cl vpm) (uw_m) +(1-w)ALCly ) M)
(C.2.42)
Here, placing (C.2.21) into (C.2.42), (C.2.42) can be rewritten as
P
arc oy eyt
W v oy |7 w [ (W \@v-v)p By % W\ (o \Goy) |
={Cr )y | AL ()R OB G ()

(C.2.43)

Thus, applying that op+1=0c and op=0c-1, we have
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(A =1+GD T G Rl ™ 77 (A1) (C.2.44)

Now, checking that (C.2.44) is identical to (C.2.26), we obtain

1

A =(m) " (C.2.45)

Thus,

V' =(m) 7 Q) (B . (C.2.46)

t
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